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ROCK FRACTURE UNDER STATIC STRESS CONDITIONS

INTRODUCTION

The successful mining of an ore body or coal seanm depends largely
upon the extent to which fracture and movement of the rock around

the excavations can be controlled.

Controlled rock fracture, achieved by careful planning of the
geometrical layout of the excavations and the correct choice of
support and other operational factors, results in safe and
efficient operation of the mine. Uncontrolled rock fracture,
manifesting itself in such phenomena as rockbursts, disrupts
mining operations and constitutes & serious hazard to men and

machines in the mine.

Current mining methods and strata control techniques, evolved
almost entirely from practical experience, have proved remarkably
effective and will continue to form the basis of mining practice.
However, improved operational efficiency requires that these
techniques be supplemented with a more fundamental understanding
of the mechanism of deformation and fracture of the rock around
mining excavations. This is particularly true in areas where
the richest and most accessible ore bodies have been mined out
and future mining operations are faced with mining lower grade

ore at greater working depths.

In eivil engineering, a knowledge of rock deformation and
failure is particularly important in the design of foundations
for large dam structures. Improved design techniques have
resulted in a steady increase in the size and complexity of these
structures but continued progress depends upon the provision of
adequate foundations which, in turn, depends upon the successful

application of roek mechanics.

The results of laboratory tests indicate that many rock types

. . - - - - *
exhibit elastic stress-strain relationships up to fracture .

#*

Elasticity implies a reversible stress-strain curve which may,
or may not, be linear. In the case of most hard rocks the
stress-strain curve is, in fact, usually linear up to fracture.



2-

Since a materisl which behaves elastically up to fracture is
defined as brittle, it is evident that a study of the basic
mechanism of brittle fracture is a useful starting point for any
investigation into the phenomena essociated with the fracture of

rock,

The present study is an attempt to collect the relevant
information from available litersture on brittle fracture, to
extend it where necessary and to present it in a form which is
directly applicable to the solution of practical rock mechanics
problems. It is concerned with the problem of fracture initia-
tion under static load conditions only; the problems of fracture
propagation and fracture initiation under dynamic stress condgie

tions are beyond its scope,
This study is presented in three parts:

Part I -~ Theoretical considerations of brittle fracture

initiation under static load conditians,

Part II ~ The fracture of brittle rock and the in-
fluence of additional factors, such as ane
isotropy, specimen selection and preparation
and environmental condiitions during testing,

upon the fracture of rock,

Part IIT ~ The practical application of rock fracture
criteria to the analysis of observed fracture

phenomena.

The development and even the experimental verification of =
brittle fracture criterion for roeck is of little value unless i%
can be demonsirated that this criterion can be effectively applied
to the solution of practical engineering problems. Consequently,
cne of the most important parts of this study is that which deals
with attempts to apply the fracture criterion, dealt with in

Part I, to the analysis of observed rock fracture phenomensa,

The study forms part of an extensive research project which
is being carried out in the Rock Mechanies Division of the
National Mechanical Engineering Research Institute om behalf of

the Transvaal and Orange Free State Chamber of Mines.



PART I =~ THEORETICAL CONSIDERATIONS OF BRITTLE FRACTURE
INITIATION UNDER STATIC LOAD CONDITIONS

In 1920, A.A. Griffith of the Royal Aircraft Establishment at

Farnborough presenteg a brittle fracture hypothesis in a paper %o
the Royal Sccietyld0 | In this paper he postulated that fracture
of a brittle material, subjected to pure tensile stress, initiates

at microscopic cracks and discontinuities within the material,

In a second paper, presented in 1924151, Griffith extended this
concept of fracture initiation to the case of multiaxial compression.
In both papers he derived equations which could be used to predict

the fracture stress,

In mechanical engineering, interest in brittle fracture has
been mainly confined to steel. In this field, important contribu-
tions have been made by Irwin?%8, Orowan?88, wells3%8 and many
others. These authors have dealt with such problems as fracture
initiation from dislocations and plastic slip planes, velocity of

crack growth and energy changes associated with brittle fracture.

In mining engineering and particularly in rock mechanics, the
fracture of rock subjected to various states of multiaxial stress
is of vital interest. The hypothesis postulated in Griffith's
second paper’®! has only been applied to this problem within the
past few years, The most important contributions to this work
have been made by Murr911279, Brace®? and McClintock and Walsh2“9,
The work of the last named authors is particularly important since
it extends Griffith's theory which deals with open ecracks only to

cracks which have closed in compression.

A review, by Barenblatt?3, of Russian literature on brittle
fracture has recently become available. It is interesting to note
that a considerable amount of attention has been paid to the frac-
ture of rock, particularly oil~bearing strata subjected to pressure

from a permeating liquid2%, 25, 26, 380, 381

The Russian work is based upon the Griffith hypothesis of

#*
Superscripts refer to items listed in the bibliography at the
end of this study,
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fracture initiation from existing cracks but the theoretical approach
used in deriving the equations for the fracture stress is somewhat
different from that used by British and American asuthors. Since

the final equations which are of interest in this study are identi-
cal in the two approcaches, no useful purpose would be served by

incliuding details of the Russian work.

THE THEORETICAL STRENGTH OF AN ELASTIC MATERIAL

According to Orowan286, an estimate of the molecular cohesion of a
sollid can be obtained from its surface energy which, in turn, can
be used to calculate the order of magnitude of the fracture stress

by means of the following egqguation:

no
-
t=1

o, = cemeestenannensonse (1)

@

where 9q is the magnitude of the uniaxial tensile stress
required %o overcome the molecular cohesion of

the material

Y is the specific surface energy of the material
B is- the Young's modulus and

a is the spacing between neighbouring atomic planes.

For brittle materials such as hard rock the value of E lies
between 10 x 106 and 15 x lO6 1b/sq. in, a is of the order of
1.2 x 10"? in and the order of magnitude of the specific surface
energy is 6 x 3.0-lF 1b in/sq. in. Hence the theoretical strength

of these materials is approximately 3.5 x 106 1b/sg. in.

Under certain conditions, tensile strengths of glass fibres
approaching this order of magnitude have been measuredlS0 but, in
general, materials Tail at a stress level several orders of magni-
tude lower than that predicted from equation (1), Griffith's
theory of brittle fracture initiation is generally regarded as an
acceptable explanation for the discrepancy between the observed

and theoretical strengths of brittle materials.
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GRIFFLTH THEOQORY OF BRITTLE FRACTURE INITIATION

Griffithl150 assumed that the discrepancy between the theoretically
estimated and the observed value of the tensile strength of brittle
materials is due to the presence of small cracks, flaws and other

discontinuities around which high stress concentrations occur when

the material is stressed.

By assuming that a crack in a two-dimensionsal (plane) body can
be approximated by an ellipse of large eccentricity, Griffith was
able to calculate, from the analytical solution of the stress
distribution around elliptical openings in a plene body under
stress207, that the maximum stress at the end of a crack orientated

at right angles to the direction of applied tension is given by

o e
O = 2GaJ; T % F % 0 ¢ 8 8 30 " PR 4 BB (2)

where 9, is the applied tensile stress
2c 1s the length of the crack and

T is the radius of the end of the crack.

Since, in 1920, Griffith had no experimental techniques at his
disposal for the determination of the actual values of the crack
dimensions ¢ and r, he based his calculations upon assumptions con-
cerning the energy required to propagate the crack. It will De
shown later that the final results obtained by Griffith can be
arrived at without making these assumptions but, since the original

caleulations are instructive, the concepts upon which they were
based are included here.

3.1 Energy changes associated with crack propagation

If a crack of length 2c¢ in 2 body subjected to static external
tension is to propagate by a small increment dec, the energy present
in the system is redistributed. The changes involved are as

Tollows:

(1) A loss in potential energy of the externally

applied forces due to displacements induced



(2)

(3)

(&)

6.

by the crack propagation. If the total potential
energy of the external forces is denoted by W, the
change in W due to a change of dc in crack length

is dW/dec.

A gein in the excess strain energy in the material
around the crack. This excess strain energy is
given by the difference between the strain energy
in the cracked body and that in the same body with~
out a crack. If the excess strain energy is L
the gain in We due to a change of d¢ in crack
length is dwe/dc.

A gain in surface energy of the crack due to the
breaking of the molecular bonds along the crack

path., If the total surface energy is W_, then

the change in ws due to a change of de in erack

length is dws/dc.

A gain in the kinetic energy of the system due to the

propagation of the crack. If the total kinetie

. i #
engrgy 1n the system 1is Wk’ k
an increase dec in the crack length is dwk/dc.

the increase in W, due to

An expenditure of potential energy on plastic deforma-

tion at the crack tip in the case of a material which

does not exhibit ideal elastic behaviour. The amount

of energy expended on plastic deformation, for an

increase of de in crack length, is dwpl/dc.

Since the energy balance of the system must be maintained, the

five energy changes listed above can be related by the following

eqguation:

teined in the

dw/de

A us

= dWe/dc + dWS/éc + de/dc + dwpl/dc ceramnass

eful summary of the role of the four energy terms,

(3)

con-

right hand side of equation (3), in the fracture of

#*

In the case

of a static system, the initial kinetic energy W

k

O.
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actual engineering materials has been given by Corten and Park3?,

In the case of materials which exhibit considerable plasticity,
such as mild steel, the plastic energy term dwpl/dc can dominate
the energy balance of the system!?28, On the other hand, in
brittle materials this term is assumed to be negligibly small in

comparison with the other terms and can be ignored.

Since this study is concerned primarily with fracture initiation
under static load conditions, it can be assumed that the kinetie
energy changes involved are so small that they can be neglected in

the following analysis,

Consequently, the energy balance governing fracture initiation
in a brittle material under static load conditions can be simplified

to the following equation:

aw [/ de

dwe/dc + dws/dc ceraesess (W)

%
It can be shown that the gain in excess sirain energy around
the crack 1s equal to half the loss in potential energy of the

external forces:

aw_/de 2 AW/AC ceiietscrrincncaas (5)
Hence, eguation (L&) can be written as

dwe/dc = dWS/dC LR N I R B 2 B R T B N R ) (6)

In other words, the surface energy galined in rupturing the
molilecular bonds along the crack path must be eqgual to the net
reduction in the strain energy of the system in order that the
crack may propagate. If the strain energy reduction is smaller
than the surface energy regquirements, the crack will be stable

ard will not propagate.

#

LOVE, A.E.H. A treatise on the mathematical theory of elasticity,
2nd edition, Cambridge Univ. Press, London, 1906, p. 170.
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3.2 Derivation of fracture stress in a plane body

In order to evaluate equation (6), the excess strain energy in a
plane body containing an elliptical crack is calculated, For a

thin plate under plane stress conditions it is found to be

W, = 2 B & )

If the plate is thick compared with the dimensions of the

crack, then plane strain conditions exist and the excess strain

energy in the system is given by

02w0 2(1 - u2)

- 8
we = - csessenas {(TB)

where v is the Poisson's ratioc of the material,

The surface energy of the crack per unit thickness of plate
is given by

W = O (8)

where v is the specifie surface energy, i.e. the quantity

of energy per unit area of crack surface, and

2c 1s the length of the crack.

According to equation (6), the condition for fracture initia-
tlon is that the change in excess strain energy is equal to the
change in surface energy for a change dc in erack length. Hence,
differentiation of equations (7) and (8) with respect to ¢ and
solving for the applied stress o, leads to the following condition

for crack initiation under plane stress conditions:

I = /2 Y E cerereenssea. {0a)
T e




#*
And for plane straln

2 E
g = ! veesaseesse (9DB)

2y

T o{l = v

3.3 Derivation of fracture stress from atomic considerations

Orowans interpretation of Griffith's fracture theory is that &
sufficient condition for crack propagation is that the tensile stres
stress induced at the tip of the crack is equal to the molecular

cohesive strength of the material286,

Assuming that the radius of curvature (r) of the crack tip is
of the order of magnitude of the atomic spacing a, equation (2)

becomes

C
a b 20& hamad LI N N A ) (10)
a

Dividing this equation by equation (1) which defines the theoretical
strength due to molecular cohesion, the following relationship is

obtained

g = B

Within the accuracy of the assumption that the material behaves
elastically up to fracture and that the crack can be represented by
a two-dimensional ellipse, equation (12) is in good agreement with

Griffith's original eguations (9a) and (9b).

3.4 Derivation of fracture stress in a three-dimensional

szstem

One of the principal objections to Griffith's original work is that

his solution is a two-dimensional simplification of a three-

dimensional problem. Actual cracks are almost certainly three-

¥*
This equation was incorrectly stated in Griffith's original paper.



10.
dimensional in shape and, moreover, they are acted upon by three
principal stresses. Sack32l has extended Griffith's work to
the case of a crack which has the shape of a very flat oblate
ellipsoid ("penny shaped" crack). Ke has shown that the most
dangerous cracks lie in planes parallel to the direction of the
intermediate principal stress which has negligible influence upon
the stress distribution at the crack tip. The magnitude of the
applied stress required to cause propagation of this particular

crack was found to be

T Y E
o3 = L R Y (12)

2e (1 - v2)

3.5 Comparison between theoretical conditions for
brittle fracture

PABLE T
- - » - *
Equn., Derived by Conditions Value assuming v = 0,2
9s Griffith Plane siress, plane - f
body o, = 0.795¢ v E/c
9b Griffith Plane strain, plane B
body o, 0.8154 v E/e
11 Orowan Atomic considerations, _ f
plane body Op = 0.70TN Y B/e
. Y .
12 Sack Three-dimensional o, = 1.280 IY E/c

The conditions for brittle fracture, obtained by Griffith,
Sack and Orowan have been listed in Table I for the sake of come-
parison. Table I shows that the three predictions referring to =

plane body are in good agreement.

The assumption that the initial cracks from whieh fracture

% R . . . .
This 1s an average value for the Poisson's ratio of the brittle
materials with which this study is primarily concerned.
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propagates can be treated as a two-dimensional problem is obviousiy
an over~-simplification of the actual problem. Internal cracks in
a brittle material such as rock are probably more correctly
approximated by the very flat oblate ellipsoid ("penny"shape)
assumed by Sack, As can be expected from considerations of the
additional restraint imposed by the material surrounding such a
crack, compared with a two-dimensional erack, the stress required
to propagate the "penny" shaped crack is greater than that derived
by Griffith and Orowan for plane bodies.

EXPERIMENTAL EVIDENCE IN SUPPORT OF GRIFFITH'S HYPOTHESIS

According to Griffith's hypothesis, the observed tensile strength
of a brittle material is lower than the theoretical strength due to
the presence of cracks, Consequently, if these cracks can be
eliminated or rendered ineffective, it should be possible greatly

to increase the strength of the material,

Griffith himself demonstrated that this is the case by testing
freshly drawn glass fibres in the diameter range 0,00013 to 0.0L4O
inches, He found that, as the diameter of the specimen decreased
and hence the probability of a crack being present decreased, the
tensile strength increased. In the case of the finest fibres, he
measured tensile strengths of up to 480 000 1b/sq. in as compared
with the usual value of about 25 000 lb/sq. in.

Reinkober3¢?

carried out an interesting experiment in which he
fractured silica glass fibres, then fractured the two fragments and
then the fragments of the fragments and so on. He reasoned thsat in
this way the most dangerous cracks would be progressively eliminated
and he found that the tensile strength increased from "generation to
generation™. In one case, a fibre of 4,7 inches length fractured
at 40 000 1b/sq. in while one of its fragments, 0.25 inches long,

fractured at 110 000 1bv/sqg. in.

Orowan286

argued that, since the perfect cleavage planes of
mica could hardly contain effective cracks, fracture of mica
lamella must originate at edge cracks. Consequently, if the edges
of a mica sheet could be relieved of stress, a great increase in

strength should be observed. By gripping the mica lamella with
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grips which were narrower than the width of the specimen, so that no
stress was transmitted along the edges, Orowan measured tensile

strengths of 440 000 1b/sq. in compared with the normal value of
30 000 1ib/sq. in.

Direct evidence of submicroscopic flaws has been sought by

using the electron microscope. Gordon, Marsh and Parraft!®?

s uslag
a sodium vapour decoration technique, found convincing evidence of
small flaws which exist in unstressed glass and which multiply with
application of stress. Their photographs reveal surface cracks of
2 x 1073 inches long, 8 x 10”7 inches wide and &4 x 10"6 inches deep.
Cracks of this order of magnitude can easily account for strength

reductions to approximately ten percent of the theoretical strength.

ESTIMATE OF THE CRITICAL CRACK LENGTH IN ROCK

51

Brace™", using measured values of tensile strength, Young's modulus

and specific surface energy, caleculated from eqﬁation (9a), the
critical crack length which could be anticipated in several types

of rock. Detailed measurements on these rocks, particularly on
limestone specimens, revealed a remarkably close correlation between
the calculated crack length and the maximum grain dismeter of the

material.

In order to eliminate the uncertainty involved in the determinge
tion of the specific surface energy, Brace compared two samples of
limestone which, apart from having different grain sizes were, for

all practical purposes, identical.

It can be deduced from equation (9a) that, provided the Young's
modulus and specific surface energy remain unchanged, the tensile
strength of the material should be inversely proportional to the
square root of the crack length. Substituting the maximum grain
diameter of the limestone specimens for crack length in equation
(9a), Brace found near perfect agreement between the ratio of

observed and anticipated strengths.

Although the results presented by Brace are only applicable to
limestone, it is reasonable to assume that the critical cracks
which give rise to brittle fracture in hard rock are of the same

order of magnitude as the maximum grain diameter of the material.
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FRACTURE OF BRITTLE MATERIALS SUBJECTED TO
TRIAXTAL STRESS

In 192k Griffith extended his original fracture hypothesis to
include the beheviour of a brittle material subjected to triaxial
compressive stress o, The currently accepted interpretation of
this extension is that the fracture of a body containing randomly
oriented cracks, subjected to any condition of applied load,
occurs when the maximum tensile stress at tips of favourably
oriented cracks exceeds the molecular cohesive strength of the

materialzsso

In order to obtain the conditions for brittle fracture in the
case of a material subjected to triaxiel stress, it is necessary
to consider the streoss distribution around the boundary of a
crack under these conditions. In order to simplify the
mathematical analyses involved in this study, the crack is
approximated by & flait ellipse in a two-dimensional stress field

as illustreted in Figure 1.

Sack32l, in his theoretical considerations of the stresses
around & penny shaped crack in a triaxial stress field, showed
that the highest tensile stresses occur at the boundary of the
crack which lies in the plane of the intermediate principal stress.
He found that the megnitude of these tensile stresses was not

markedly influenced by this intermediate principal stress,

Murre11271 has discussed the influence of the intermediate

principal strecs end, using the experimental results of Von
Kéarmén>®’ and Boter™®, has shown that the maximum effect of the
intermediate principal stress on the axial stress at fracture is

approximately 15%.

Consequently., the two-dimensional treatment of the stresses
around e& crack, presented in this study, is considered sufficiently

accurate for practical purposes.

Although more elegant calculetions of the stress distribution
around cracks have been carried out, notably by Williams3®® ana
Barenblatt23, the author feels that much of the clarity of the
physical reasoning for which the mathematics is a model is lost

if too many refinemesnts are attempted. In any event even the



FIGURE 1

Stresses acting upon a crack which is inclined at an angle ¥ to the
direction of the major principal stress o,
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most inwvolved calculations can only predict an overall rattern of
behaviour and the para—eters which govern the fracture behaviour
of a particular materizl must be determined experimentally. I%
will be demonstrated in this study that the simple mathematical
approach outlined hereunder offers an adequate prediction of the
rock fracture phencmena which are of interest to the science of

rock mechanics in its present state of development.

6.1 BStresses acting upon an elliptical crack

The two-dimensional stress field in the material surrounding an
elliptical opening is most conveniently expressed in terms of the
elliptical co-ordi.ates £ and pn which are defined by the following
equations of transformation from = rectangular Cartesian system

0f co-ordinates x and z.

b
i

¢ Sinh ¢ 2in n

g = ¢ Cosh £ Cos 7

In Figure 1, the system of rectangular co~ordinates x, z is
parallel to the axes of the elliptical opening: 1t is inclined at
an angle Y with respect to the system of rectangular co-ordinstes
X"y 27 which is parsllel to the directions of the principal
stresses ¢, and Ooe 0, denotes the algebraically largest and

g the algebraically smallest of the three principal stresses.

Wote that, throughout this study, compressive stress is taken

as positive, This sign convention has been adopted because of the

predominance of conpressive stresses in rock mechanics problems.

The normal stress O,y» Parallel %o the minor axis of the
elliptical crack, and the shear stress T, ore related to the

principal stresses ¢, and ag by the following equations:

Qoxx = (cl + 03} - {0, = o) Cos 2y veaes (13)

21 = (cl - 0,) Sin 2y e e ereersaenses {1h)

xa
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The normal stress 0,0 parallel to the major axis of the
crack, has a negligible influence upon the stresses induced near
the crack tip and is, therefore, not considered in the following

analysis.,

6.2 Griffith's fracture criterion for open cracks

The tangential stress Un at the boundary of an open elliptical
crack, due to the stresses /1 and Typ? 21 be calculated from

the results presented by Inglis?07 and is found to be:

2g 2E,
oxx(Slnh 2g  + e 008 27 = 1) * 21 . .8in 2y

Gn * e (15)
Cosh 2g0 - Cos 2n

where Eq is the value of the elliptical co-ordinate E on

the c¢rack boundary.

The maximum boundary stresses occur near the ends af ‘the
crack, i.e. when the value of the elliptical co-ordinate n is
small, Since the value of ¢ = B (the ellipse in elliptical
co-ordinates) is also small for a very flat ellipse, equation (15)
may be simplified by series expansion in which terms of the second
order and higher which appear in the numerator are neglected*.
This simplification results in the following equation, valid only

for the stresses near the crack tip:

c = 4 0 46 00 08 0080 08 (16)

Differentiation of equation (16) with respect to n and equat-
ing aon/an to zero results in a quadratic equation in n from
which the positions on the crack boundary at which the maximum
and minimum stresses occur can be determined. Substituting
these values of n into equation (16) gives the maximum and

minimum stresses on the boundary of the crack as

A complete derivation of the equations governing fracture ini-
tiation according to the original Griffith theory is given in
Appendix Al.
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al 2 2
UN.EO b Gxx i/Uxx + sz e & 0 0 0 20 009 0 0 (17)

where Oy is the maximum or minimum value of the tangential

stress g of the ellipse boundary.

Expressing equation (17) in terms of the principal stresses

o, and o5 from equations (13) and (1L4t) gives

ogedy = %{(01+03) - (01-03)005 2¢} e /%{(ci+c§)-(c§-o§) Cos 2w}(18a)

or

og*é, = %al{(l+k) - (1=k) Cos zy}t\/%{(1+k2)-(1-k2) Cos zw} (18b)

where k = 3/0

!

The critical crack orientation wc at which the maximum and
minimum stresses are induced near the crack tip is found by
differentiating equations (18) with respect to Yy and letting
BoN/Bw ™00, This gives

3 1 -k
CQS 2\pc C— ® 860000000 (19)

2(cl+03) 2(1+k)

Note that this equation is only meaningful for values of
goliz = 01/3 oy ki3> =0,33, The critical crack orientation for
algebraically smaller values of k must be determined from other
considerations which will be dealt with later.

The maximum and minimum stresses at the boundary of a crack
oriented at the critical angle wc under conditions where k 2 = 0,33
are found by substituting ¥, from equation (19) for ¢ in equations
{18 ). If it is accepted that fracture occurs as a result of

tensile stress at or near the crack tip, only the minimum (negative)
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stress given by this substitution need be considered. Hence
2 2
-(Gl - 03) ~cl(l - k)
O-O'EO = = LR R I (20)
h(ol + 03) (1 + k)

vhere 9, denotes the minimum (algebraically smallest value

of the tangential stress on the boundary of the
ellipse,

If it is postulated that the fracture of & brittle material
initiates when the maximum tensile stress at the crack tip is
equal to the molecular cohesive strength of the matérial 28? then
equation (20) expresses a fracture criterion for a brittle material
under conditions where k > - 0.33, if SR is taken as the molecular
cohesive strength of the material.

The molecular strength, A and the crack geometry, Eo’ can-
not be determined by direct physical measurements. However, their
product can be expressed in terms of the uniaxial tensile strength,
T determined on a laboratory specimen. Since, for uniaxial
tension (03 <0, o, =0), k = -=, equations (19) and (20), which
are only velid for k > ~ 0,33, cannot be used to find & relation~
ship between Go'go and o, and equation (18) must be resorted to for

finding this relationship.

6.2.1 Fracture under uniaxial tensile stress conditions

If the plane body containing the crack, illustrated in

Figure 1, is subjected to a uniaxial tensile stress {i.e.

3
is dependent upon the minor principal stress o3 only.

g, < 0, o, = 0), the maximum stress at the crack tip (o

x)

Hence, equation (18) simplifies %o

o8, = 05(2(1 + Cos 2y) = J%(l + Cos 2¢9)) ...... (21)

The maximum tensile stress at the crack tip occurs when
the bracketted term on the right hand side of equation (21)

is a maximum. This occurs when Cos 2¢ = 1 or when v = 0,
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giving

o .E = 2g s s e 8 n0 (22)

If the minor principal stress o is tensile (negative),
equation (22) defines the fracture criterion for uniaxisal
tensile stress conditions in terms of the molecular cohesive
strength of the material (00) and the crack geometry (Eo).
Denoting the uniaxial tensile strength o£ the material,

measured on a laboratory specimen, as o, , equation (22)

.b

may, with ¢ = g be re~written as:

3 t?

O‘O.EO = 2Ut LR T S I I A I B I I R R (23)

6,2.2 Fracture conditions for kX > -~ 0.33

Equation (20), which is valid for k > -~ 0.33, is of limited
practical use because the term Uo'go cannot be evaluated in
the laboratory. If, however, this term is expressed in

terms of the uniaxial tensile strength of the material (o,),

t
according to eguation (23), the fracture criterion becomes

(01 03)2 01(1 = k)e
= ————— = -80_ ...... (2ba)
(Ul + 03) (1 + k)

The author has found that the most useful interpretation
of this equation is in expressing the major principal stress
(01), at fracture, in terms of the principal stress ratio (k)

and the uniaxial tensile strength (Gt):

-80t (1 + k)

Ol = 4 & # & % 2 % & & & & & % 4 8 & @ (th)
(1 - x)2

Note that the uniaxial tensile strength is negative by defini-
tion. Hence, in substituting a numerical value for o,, the

negative sign must be shown e.g. o, = = 100 1b/sq. in.
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6.2,3 Fracture conditions for k = «0.33

When k = -0,33 then, from equation (19), Cos 2y = 1,

Substituting this value into equation (18) gives

UOEO = 20 LR A A A ) (25)
(k = «0.33)
which is identical to equation (22).

in other words, the fracture conditions for k = -0.33
are identical to those for uniaxial tension and the fracture

criterion for this case may be expressed as

a = g L R IR B S R (26)
3k = -0.33) ©

6.2.% Fracture conditions for k < ~0,33

Since fracture for both k = -~ « and k = ~0,33 occurs when
the minor principal stress o3 equals the uniaxial tensile
strength of the material Oy s according to equations (22),

(23) and (26), it can be deduced by interpolation that the
same condition must hold for the entire range - « < k < - 0,33,

#
In other words, equation (26) may be written as

8] = [s) LI B (2?)
3(— © < k < - 0.33) E

Similarly, since y = O for both kK = « » and k = - 0.33,
the critical crack orientation for - = < k S - 0.33 remains
unchanged at v = 0,

MODIFIED FRACTURE CRITERION FOR CLOSED CRACKS

One of the principal deficiencies of the original Griffith theory,

An alternate proof for the validity of equation (27) is given
in Sectibn 9n3|2.
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when applied to the prediction of brittle Fracture initiation
under compressive stress conditions, lies in the fact that it

does not make provision for the closure of very flat cracks before
the tensile stresses at their tips have reached sufficient
magnitude to cause them to propagate. The frictional forces
which occur when the crack faces are forced into contact can

exert a marked influence upon the subsequent crack behaviour.

A difficulty associated with the theoretical consideration
of the effects of crack closure is to decide upon the exact stress
level at which crack closure occurs, Obviously, this stress is
governed by the physical characteristics of the materisl under
consideration and it is unlikely that it will have a single

clearly defined value in the case of a material such as rock,

In the following analysis, based on the modification to
Griffith's fracture theory by MeClintoek and Walshzug, it is
assumed that the initial erack in an unstressed body is uniformly
closed over its entire length, i.,e, the stress required to cause
erack closure is zero, The effects of this closure stress having
& value other than zero will be discussed in a later section
dealing with the influence of additional factors upon fracture
initiation,

The stress system acting upon a closed crack is given in
Figure 2, Note that this stress system differs from that for an
open crack, illustrated in Figure 1, in that e normal snd a shear

Stress (Un and Tn respectively) act on the crack surfaces,

When the stress T acting across the crack becomes come
pressive (positive) a normal stress G, F s results from the
reaction betwveen the crack surfaces, Under these conditions,
the normal stress O s is transmitted across the crack surfaces
without influencing the stresses induced at the crack tips and,

hence, it plays no direct part in the fracture process,

In addition, however, frictional shear resistance T, occurs

parallel to the crack as a result of the contact pressure between
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FIGURE 2

Stresses acting upon a closed crack which is inclined af an angle ¥ to
the direction of the major principal stress o,
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#
the crack surfaces . Defining the ratio of the frictional shear
resistance T, to the normal stress v, as the coefficient of

internal frietion yu :

n n
_c__ = - p LR R IR I R Y (28)
n Oxx

The shear stress Typ C8L only induce tensile stresses at
the crack tip when this frictional resistance has been overcome and
when relative movement between the crack surfaces can oceur. Conw—
sequently, the net shear stress which is effective in inducing

tensile stresses on the crack boundary is

T =1 or {(from equation (28)) 1 = uo

The tangential stress on the boundary of the closed crack

(on), due to the net shear stress (sz - ucxx), can be determined
by replacing Tep OV (sz ~ ucxx) and o & by (Uxx -0 n)Eo =
(Uxx - Gxx)go = 0 in equation (16):

en(sz - ucxx)

o - 4 ¥ 8 4 s 32 s (29)

Differentiating equation {29) with respect to n and equating
aon/an to zero gives the position on the erack boundary at which
the maximum and minimum stresses occur as n = tE Substituting

this value into equation (29) gives the maximum and minimunm

*

Note that, in addition to the frictional shear resistance which
occurs as & result of the contact pressure between the crack
surfaces, interlocking of projections and irregularities on the
crack surfaces may also occur and, as a result, the total shear
resistance T, nay be grester than the normal stress on. In
other words, the coefficient of friction u may have a“value
greater than unity.

The mechanism of crack propagation in a material having a
coefficient of internal friction of greater than unity will be
discussed in Part II of this study.
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tangential stresses ¢ _ on the boundary of the crack as

N

g g S i('l.' —uU)

_— <z ox weesasesaees (30)

Since crack propagation occurs as a result of tensile stress,

only the negative value of equation (30) need be considered.

Expressing this eguation in terms of the major principal
stress o, and the principal stress ratio k, from equations (13)
and {14):

Ogrby = —%cl((lnk)Sin 2¢ = p{{i+k) = (1-k) Cos 2¥}) ..... (31)

Differentiating equation {31) with respect to ¢ and equating
BGN/Bw to zero gives the critiecal crack orientation wc for a closed

crack as

Tan E]J)c l/u PN R I I A RS R N B R R R ) (32)

The highest tensile stress on the boundary of a crack
oriented at the critical angle b is given by substituting
p = } arctan (l/u) (from equation (32)) into equation {(31).
As in the case of the original Griffith's theory, this stress
can be related to the uniaxial tensile strength of the material
by means of equation (23). The resulting fracture criterion for

& brittle material with initially closedé cracks is then given by

_ugt

(1-k) 1 + 12 = u(1+k)

This criterion is only valid when the normal stress 9ox is

compressive, l1.e. when Opr > 0.
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TRANSITION FROM ORIGINAL TO MODIFIED GRIFFITH CRITERION

It has been assumed that, in the hard rocks under consideration in
this study, the Griffith cracks in the unstressed material are
initially closed. Conseguently, the original Griffith fracture
eriterion for open cracks is only applicable when the normal etress

0xx acting across the crack is tensile (negative).

The crack orientation at which this stress becomes tensile

is given by substituting ., = 0 in equation (13):

1+ X
COSEIf) LR B AL B AN O A BN B I I B B R (32"')
1 v Xk

it

8.1 Limit of validity of original Griffith theory

The derivation of the original Griffith fracture criterion for
open cracks is dependent upon the faet that the critical crack
orientation ¥, can be determined from equation (19). Since

this equation is only valid when the crack is open, i.e, when

- is tensile, the limit of validity of the original Griffith
criterion occurs when the crack orientation ¢ given by equation (34)
is equal to the critical crack orientation 1N given by eqguation

(19). Equating equations (34) and (19) and solving for k gives

W
n

""OulT + 4 4 8 2 8 B B E B e EY Aoy (35)

which defines the upper limit of validity of the original Griffith

theory under these conditions.

8.2 Limit of validity of modified fracture theory

The critical crack orientation for the modified fracture theory is
defined by equation (32) which is only valid when the normal stress
L ecting across the crack is compressive. Hence the lower limit
of validity of the modified fracture criterion occurs when wc given
by equation (32) is equal to the crack orientation v at which S x

becomes compressive, given by equation (34),
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Expressing equation (32) in terms of Cos 2¢c and eguating it

to equation (3k4) gives

u 1+ k

Cos ewc = = N I (36)
f 5 1 -k
1+ q

Selving for k :
no- ,/l + u2
k = ‘ll‘..ll..‘.... (3?)

pot J1o4 we

It follows from equation (37) that the lower limit of validity
of the modified fracture criterion can only coincide with the upper
limit of validity of Griffith's
when py = 1,00.

criterion (which is at k = - 0,17)
Hence, for any other value of y, there must be a
region of transition between the upper limiting value of k for the

Griffith criterion and the lower limit for the modified criterion.

8.3 Transition when u < 1.00

When p < 1.00, the limiting value of k for the modified fracture
theory, given by equation (37), is algebreically smaller than

~ 0.17 and the two fracture theories overlap. MeClintock and

Walsh suggest that fracture occurs at
predicted by either theory and hence,
1s that for which the fracture stress

Hence, equating the fracture stresses

the lowest fracture stress
that the limiting value of k
is the same for boith criteria.

and

from equations (24b)
(33), this limiting value of k is given by:

-]
2 /1 + @
oo+ 2p + 1

Below this value of k, the original Griffith criterion

(38)

LI L R L I T Y Y

represented by equation (24b) is appiicable while, for greater
velues of k, the modified fracture criterion represented by

equation (33) should be used.
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8.k Transition when y > 1.00

When y > 1.00, the limiting value of k for the modified fracture
eriterion, given by equation (37), is algebraically greater than

~ 0.17 and a zone of kwvalues exists in which neither fracture
criterion is wvalid. This transition zone is due to the fact that
cracks oriented at an angle defined by equation (19) are closed
while those with an orientetion given by equation (32) are open.
Consequently, neither equation (19) nor equation (32) hold in

this region.

If it is essumed that, under these conditions, fracture
initiates at those cracks which have just opened, i.e. those which
are oriented at the angle y defined by equation (34), then, from
equations (34) and (18), the fracture criterion in this transition

zone is found %o be

Ul L I T I Y (39)

=

Since the value of k is always negative within this transi-

tion zone, this equation has physical meaning.

8.5 Limiting value of k above which fracture cannot occur

Examipation of equation (33) reveals that, for a given value of yu,

8 value of k will be reached at which the stress o5 reguired to

cause fracture is infinite. This occurs when
(1 - x) J1+ % = w1 +x)
l+u2-u
or when k = teeresncrsaarsses (LO)
2

For a greater value of k than that given by equation (40} for
& given coefficient of friction u, the material will not fracture
if it behaves in accordance with the modified Griffith's fracture

criterion.
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9. GRAPHICAL REPRESENTATION OF ORIGINAL AND MODIFIED
GRIFFITH FRACTURE CRITERIA

The equations which have been derived on the preceding pages offer
a number of possibilities for the graphical representation of the
state of stress at which fracture of a brittle material initiates
under static load conditions., A detailed discussion of the merits
of these various graphical representations does not fall within
the scope of this study and has already been adeguately dealt with
in standard texts such as that by Nadaei2?7,

Three greaphical representations of the state of stress sat

which brittle fracture initiates will be used in this study:

(a) The relationship between the major principal stress

(cl) at fracture and the minor principal stress (03).

(b) The relationship between the major principal stress

(cl) at fracture and the principal stress ratio (k),
(c) The Mohr envelope for fracture initiation.

It should be noted that these three graphical representations

1 and 03)

only. As already discussed (section 6), the influence of the

are in terms of the major and minor principal stresses (o

intermediate principal stress (02) is assumed to be sufficiently
small to permit its omission from this analysis. A more complete

analysisga

would include the effects of the intermediate principle
stress which would be plotted as a third axis on the above graphs.
The complete fracture criterion would then be represented by a
three~dimensional diagram. The two-dimensional graphicel repre=-
sentations of the state of stress at fracture discussed in this

study are sections through the three-dimensional fracture diagran.

In deriving the conditions for fracture initiation in a
brittle material, the uniaxial tensile strength (Ut) has been chosen
as a basic material constant. The reason for this choice is that
the uniaxial tensile strength (Gt) is theoretically related to the
molecular cohesive strength of the material (co) (equation (23)})
which is assumed to govern the mechanism of brittle fracture

initiation.,
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In spite of the theoretical advantage of expressing the
strength of a brittle material in terms of its uniaxial tensile
strength, the practical difficulties associated with its
accurate determination impose a serious limitation upon the

usefulness of this means of expression.

On the other hand, the uniaxial compressive strength
(oc) of a material is probably the essiest strength value to
determine experimentally and it is advantageous to use this
value as the basic material constant in place of the uniaxial

tensile sirength.

If it is assumed that the cracks from which fracture of a
brittle material initiates are initielly open and that they remein
open under compressive stress conditions, then the original

Griffith fracture theory can be used to relate the uniaxial

tensile and compressive strengths. Substituting k = 0 and
g, = o3 in equation {(24v),
(k = 0)
Uc = "'80t L A A I O N N I I 'Y (h‘l)

In this study, however, it has been assumed that the cracks
from which fracture propagates are initially closed and that the
modified Griffith's theory must be applied when the normel
stress O, BCTOSS the crack is compressive. Conseguently, the
relationship between the uniaxial tensile and compressive strengths
wvhich will be used in the following discussion is obtained by

substituting kK = 0 and o, = ¢ in equation (33):

Lx = o)

- hot

g = ecescnssenses (12)

i+ p” -y

In the following discussion on the graphical representation
of the original and modified Griffith's fracture criteria, the
equations will be derived in terms of the uniaxial tensile

strength (Ut)' However, to facilitate practical application of
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these equations, they will also be given (in Figures 5, T and 10

and Table II) in terms of the uniaxial compressive strength (cc).

In addition to the graphs of the state of stress at fracture,
it is useful to plot the critical crack orientation (wc) against
the principal stress ratio (k) for the various conditions dis~
cussed in the preceding sections., This graph, representing

equations (19), (38), (32) and (3k) is presented in Figure 3.

It is important to note that the critical crack orientation
(wc) given in equations (19), (38), (32) and (3%) and shown in
Figure 3 refers to the direction of the crack which has the
highest tensile stress at its tip. Theoretically, fracture will
propagate from the tip of this crack but the direction of fracture
propagation need not coincide with the direction of the initial
crack (defined by wc). Experimental evidence presented by Brace
and Bombolakis’? indicates that, under compressive stress condi-
tions, the crack propagation may follow a complex path and that
the inclination of the finsl fracture surface may differ markedly
from the inclination of the initial crack. A discussion of

fracture propagation is inciuded in Part II of this study.

9.1 ZRelationship between the major principal stress (g l
at fracture and the principal stress ratio (k)

The original Griffith criterion for fracture initiation is
expressed by equation (2La) which relates the major principal

stress (cl) and the principal stress ratio (k).

-8 {1 + k)
3'/' = cereeriasessanssss (2ha}

(1 - x)2

This equation is only valid for k > - 0.33,

The relationship between the major principal stress and the
principal stress ratio for the modified fracture criterion is

given by eguation (33):

/o " = ceess (33)

(l-—k) l+u-u(l+k)
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The limits of validity of equations (24a) and {33) and the
transition from the original %o the modified Griffith's theory
have been fully discussed in section 8.4, The equations govern-
ing the relationship between the major principal stress (c ) at
freacture and the principal stress ratio (k) are graphlc&lly
represented in Figures L and 5. Note that, in the graphs, it has
been found convenient to plot the major prineipal stress (Gl) on

a logarithmic scale.

The author has found this particular representation of the
Ooriginal and modified Griffith's criteris the most useful for the

analysis of practical brittle fracture problems.

9.2 Relationship between major principal stress (0 ) at
fracture and minor principal stress (U 2

From equation {(24), the Griffith relationship between the major
and minor principal stresses at the initiation of fracture can be

written as follows:

o1

a
I N 3/0 cees (43)
t t t

/

G

Since equation (24) is only valid for k » ~0.33, eguation
(43) is also only valid within this region and only the positive

sign in equation (43) is meaningful.

As shown previously, for k < -0.33,

g = o] LI I R N ] (2?)
- o <k < -0.33) K

In the case of the modified Fracture criterion, the relation-
ship between the major and minor principal stresses at fracture

is derived from equation (33) and is found to be

o3 3
/Ut {J1 + u2 -+ y) -k

/ = R 23
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Equation (43) is the eguation of a parabola with its apex at
the origin and with its axis of symmetry defined by o = Oge
Equation (27) defines a vertical straight line which is

tangential to the parebola {equation (43)) at k = «0,33.

Equation (L4k4) is also that of a straight line, The transi-
tion from the parabola {eguation {(43)) to the straight line
(equation (L4k)) depends upon the value of the coefficient of

friction (p) as discussed in sections 8.3 and 8.k,

When u < 1.00, the transition from the parabola (equation (L43))
to the straight line (equation {(4k4)) occurs at

-1
k. = LI R R B A ) (38)

2J1 + u% 4 2y 42

When p = 1,00, the straight line (equation (4L)) is tangential

(i.e. it has the same slope) %o the parabola (equation (43)) at
k = oe- OIlT‘

When p > 1.00, eguation (43) is only valid up to k = ~ 0,17
and equation (44} is only valid down +to

k = 8 % & % 4 & 8 S8 & & NS AN (37)

u+/l+ue

The transition curve between these two limits is defined by

eguation (39) which may be written as

-4
= LR N I R A S R R A I R R R I ) (1‘5)

%3

!._l

o

The equations defining the relationship between the major

and the minor principal stresses at fracture, in terms of the
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uniaxial tensile strength, are represented graphically in Figure 6.
Graphical representation of these eguations, in terms of the

uniaxial compressive strength, is given in Figure 7.

9.3 Limiting Mohr envelopes for brittle fracture
initiation

The graphical representation of stress proposed by Mohr257, in
addition to being familiar to most engineers, is a userful aid in
visualising some of the stress phenomena which are associated with

the fracture of a brittle material.

The two-dimensional stress at a point can be specified by the
two principal stresses oy and o4 and by the inclination of 01 te a
given reference direction. In practice, it is often useful to
know the stress across a plane oriented at an angle y with respect
to the direction of 0, - It is convenient to specify the stress
across a plane by two components, the stress component C oy normal
to the plane and the shear stress component Ty parallel to the
plane. The components 0., and T are related to the principal

stresses ¢, and o and to the angle § by equations (13) and {1k):

Ecxx = (cl + 0'3) - (0’1 ~ 0‘3) Cos 21J) P e e e (13)

ETXZ = (51-03) Sin Ew LI S A S R RE B BN I B R B B BN B B B (lli')

These equations specify a circle in & 1 - g system of
rectangular Cartesian co-ordinates. The radius of the circle is
%(gl - g3) and its centre is located at « =0, ¢ = Zs(crl + 03).

as illusitrsted in Figure 8.

From the geometry of the circle illustrated in Figure 8

it will bhe seen that

1 2 2 . 4 2
(2 (og +05) =0 )" * 1, = (2 (o = 03))" ... (B6)
Hence, any two~dimensional state of stress (01, 03) can be

graphically represented by such a circle, called a Mohr circle.

As will be noted from Figure 8, the stress components Oox and Tem
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across a plane at an angle Y to the direction of the principal

stress o, cen be determined directly from the Mohr diagram.

A fracture hypothesis which specifies the state of stress at
fracture can now be graphically represented by an infinite number
of Mohr circles for the stetes of stress at which fracture occurs,

The envelope to these circles, called the Mohr envelope, can be

described by an equation 1 = f(o).

9.3.1 Envelope to a family of Mohr circles definegd
by the original Griffith theory for k > - 0,33

According to the original Griffith theory, the principal
stresses aq and 94 at fracture, for k¥ » - 0.33, are related

by equation (24a) which may be written in the following form:

1

(2 (oq = 03))2 = = boy (2 (o, + 03)] cevas (BT)

From equations (46) and (47), the family of Mohr circles
representing the fracture of a brittle material which behaves
in accordance with the original Griffith theory (for k > - 0.33)

is defined by the following eguation:

2 2 _
(cm - GXX) + sz + thO'm = 0 L A I A ] (ll‘a)
vhere ¢ = = é(ol + 03), is the mean stress,

The general method of fitting an envelope to a family

of curves, defined by an equation f(o__, 7 o.) = 0, is

XX xz? “m
to eliminate the variable parameter o, between this equation
and ¥/ = 0.
30 ‘
m
Equating the partial derivative with respect to o
m

(af/BU ) of eguation {(48), to zero gives

m

PTAGGIO, H.T.H.

An elementary treatise on differential eqguations

G, Bell and Sons Ltd., London. Revised edition 1952, p. 66,
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Gm = cxx“'eo—t LR L B R L I R B RO (149)

Eliminating o, Petween equations (k48) and (49) gives

(0t - cxx) e beneeenn (50a)

T = L

xz O

This is the equation to a parabolic Mohr envelope reprew=
senting the conditions for fracture initiation in an ideal
Griffith material for k > - 0,33,

The subscripts xx ond xz R&ve been retained in the above
derivation to conform with the nomenclature used in the earlier
part of this study. However, for practical application, it is
convenient to omit these subseripts and to write equation {50a)

as

!
i

l‘-o't (U ""G) LA G L B L R R I R O R (Scb)

t

or

E"— = 2 l"' %— 48 48 3 5 a2 s p s (5OC)
t t

The inclination of the plane (x, z) in which the shear
stress (1) acts, in relation to the direction of the major

principal stress (cl) is given by equation (19):

COS gq)c bl L N L I I O I R Y (19)
2(01 + 03)

9.3.2 Envelope to a Ffamily of Mohr's circles defined
by the original Griffith theory for k 2 = 0.33

The radius of curvature (R) of the parabolic envelope defined

by equation (50b) can be determined from the following general
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relationship :

R = cesesasasanses (51)

Substituting the first and second derivatives of equation

(50v) into equation (51) gives

R = tedserssasaacas (52)

The radius of curvature of the apex of the parabolie Mohr
envelope, defined by equation (50b), is obtained by substituting

T = 0 in equation (52}):

apex = 20"“_‘, [ BB R B A A L T B B B Y B N R R (53)

From equation (50b), the apex of the envelope, when

T = 0, is located at ¢ = ¢ Since ¢ = g, when 1 = O

t° 3
(by definition), it follows that the apex of the envelope

lies at

a = 03 = ct R EE R R (Sh)

From Figure 9 it can be seen that the centre of the

circle of curvature lies at - gy while the major principal

stress 9, = - 3Ut‘ Consequently, the circle of curvature
of the apex of the parabolic Mohr envelope defined by equation
g
{50b) coincides with the condition 3/0 = k = =~ 0.33.
1

*
GRANVILLE, W.A., SMITH, P.F. and LONGLEY, W.M,

Elements of differential and integral calculus

Ginn and Company, New York, 1941, p. 152



k3.

Since the Mohr circles for kX < =~ 0.33 all lie within
the circle of curvature of the apex, they can only touch the
envelope at a single point i.e. g = og = oy and the con=-
dition for fracture initiation within the range =« » < k < - 0.33

is given by

63( = Oy eeeeneees {(2T)

This equation is igdentical to equation (27) whieh was
derived in section 6.2.4 and the above argument can, in fact,

be used as an alternate proof for the validity orf equation (27).

Since 1 = O for k < - 0.33, it follows from Figure 9, that

qjc - O L A N A I I S S (55)
(k < = 0.33)

9.3.3 Envelope to s family of Mohr's circles defined
by the modified Griffith theory

According to the modified Griffith theory, the principal
stresses gy and o4 at fracture are related by equation (33)

which may be re-written as:

(uam - 2Ut)2
(3 (og - 05))% = - N T3
(L + u™)

From equations (k6) and (56), the Family of Mohr circles
representing the fracture of a brittle material which behaves
in accordance with the medified Griffith theory is defined

by the following equation

(uom - 20, )

m xX * Tyn = - eeaes (57)
(L + p7)




Ll

Equating the partial derivative of equation (57},

with respect to ¢,» to zero and solving for o gives

Um = (1+ HE)GXX - Eudt LB B I BN B I I B 3 (58)

Eliminating g between equations (57) and (58):

sz = E.[Gxx‘“gct LR B A L B Y B B B I N I I I ) (59&)

Equation (59a) is the equation of a straight line Mohr
envelope which defines the condition for fracture initiation
in a brittle material containing initially closed cracks, whon

the normal stress across the cracks (Gxx) is compressive,

As in the cas2 of the original Griffith theory, for
practical application it is convenient to omit the subseripts

xx 284 . and to write equation (592) simply as

T = uc-eot R N R R ) (S9b)

or

T/ = 1}J.l!:/c - 2 LR R I I R N R S R (593)
& t

The inelination of the Mohr envelope defined by equation

{590} is given by eguation (32):

Tan ewc

il
S~

L A A N I B B R A I (32)

9.3.4 Transition between Mohr envelopes for the
original and modified Griffith's theories

In deriving the fracture ~v teria discussed in the preceding
sections of this study, it has been assumed that the cracks
from which fracture initiates are initially closed. When
the normal stress O x acting across a crack {see Figure 1)
is tensile, the crack opens and the original Griffith theory

applies. When the normal stress Uxx acting across the zop-st-
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(see Figure 2) is compressive, a shear resistance is induced
parallel to the crack surfaces and the modified fracture

criterion becomes operative.

Since the normal stress Oy is plotted as the ordinate
of the Mohr diagram (see Figure 8), the transition between
the Mohr envelopes representing the original and modified

Griffith's criteria occecurs at Iy = 0.

Examination of equations (50) and (59) shows that, in

both cases, when o = 0 3
XX

T

X2 = "20 LR B B AN IR B I B IR Y B B N 60
(04 = O) T (o)

Conseguently, the transition between the Mohr envelopes
representing the original and modified Griffith criteria occurs

at a point defined by (¢ = 0, =T = —Ect).

It is evident from Figure 3 that the slope of the Mohr
envelopes for the original and modified theories, at the point
of transiticen, can only be identical for u = 1.00, If the
coefficient of friction (u) has any value other than 1.00, the
Mohr envelope defining the fracture behaviour of the material
is discontinuous at the point of transition. This is illus-

trated for the cases y = 0.75 and p = 1.5 in Figure 9.

Although the degree of discontinuity is not large, the
fact that the Mohr envelope is discontinuous, for values of
u other than 1.00, suggests that the limits of validity imposed
upon the original and modified theories (see section 8) should
not be too rigidly adhered to for practical application.
These limits have been derived on the assumption that all the
cracks within the stressed body behave in an identical manner.
This assumption is obviously an over~simplification of the actual
situation as, in a material such as rock, the transition from
the original to the modified eriterion will ccecur gradually

over a stress range rather than at a specific stress level,
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L6,

9.3.5 Graphical representation of equations
defining the Mohr envelopes representing
the original and modified Griffith's criteria

The eguations which define the Mohr envelopes representing
the origirnal and modified Griffith's fracture criteria are
presented graphically in Figures 9 and 10, As in the case
of the other graphical representations, the equations are
presented in terms of both the uniaxial tensile and the
uniaxial compressive strength of the material. Mohr
circles for particular stress states which are of interest

in this study are included in these Figures.

SUMMARY OF EQUATIONS DEFINING FRACTURE INITIATION IN A

BRITTLE MATERIAL CONTAINING INITIALLY CLOSED GRACKS

The equations defining fracturc initiation in a brittle material
containing initially closed cracks, discussed in the previous
section and represented graphically in Figures 3 to T and 9 and

10, are summarised in Table II.
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PART II - THE FRACTURE OF BRITTLE ROCK AND THE INFLUENCE
; QF ADDITIONAL FACTORS UPON FRACTURE

ROCK FRACTURE

The theoretical considerations presented in part I of this study
were based upon Ffracture initiation at the boundary of an
isolated crack in =2 uniform stress field. The immediate
question which arises is - can this theory be used to predict
fracture in a crystalline material such as rock which, accord-
ing to BraceS5!, contains a multitude of randomly oriented

ecracks in the form of grain boundaries?

In an attempt to provide an answer to this gquestion, a
survey of published fracture data con rock end concrete was
undertaken. A similar, but less extensive, survey was carried
out by McClintock and Walsh?%? in order to substantiate their
modification to the original Griffith's theory. The results

of their survey are included in the present study.

A comparison of the results of triaxial tests on different
rock materials necessitates reducing these results to'a dimension-
less form. This is most conveniently done by expressing all thé
strength results =s ratios of the uniaxial compressive strength '
(Uc). The uniaxial ccmpressive strength is the only value,
presented by all the authors whose work is included in this

survey, which can be accepted as a reliable basis for comparison.

The procedure for reducing the sitrenzgth results to dimen-~
gionless ratios has the sdditional advantesge that factors of
influence, such as the gecometry, moisture content and rate of
loading of the specimen are presumably the same in both
numerator and denominator and are thereby eliminated from the

dimensionless strength values,

The materisals included in this survey are listed in
Table ITI and the results ar~ plotted in Figure 11. These
experimental results are compared with the original and

modified Griffith's fracture loci obtained from Figure T.

It is evident from Figure 11 that, in spite of the wide
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TABLE III SUMMARY OF TRIAXIAL TEST RESULTS ON ROCK
AND CONCRETE

gzzﬁz Material lb/:&.ii Tested by Ref,
1 Marble 13 700 {Ros and Eichinger 319
2 Marble 18 000 |Ros and Bichinger 319
3 Marble 20 000 i Von Karman 357
L Carthage Marble 10 000 i Bredthauer 53
5 Carthage Marble T 500 | Bredthauner 55
6 Wombeyan Marble 10 000 | Jaeger 215
7 Concrete 2 380 | McHenry and Karni 250
8 Concrete 3 200 | Akroyd T
9 Concrete 6 000 |Jaeger 215
10 Concrete 5 700 | Fumagallil i3k
11 Concrete (28 day) 3 510 | Balmer 17
12 Concrete (90 day) 4L 000 | Balmer 17
13 Granite Gneiss 25 500 | Jaeger 215
1k Barre Granite 24 200 { Robertson 312
15 Granite (slightly alt) 10 000 | Wreuker 375
16 Westerly Granite 33 800 | Brace 52
17 Iwaki Sandstone 1 780 { Horibve and Kobayashi| 202
18 Rush Springs Sandstone 26 000 | Bredthauer 55
19 Pennant Sandstone 22 500 | Price 297
20 Darley Dale Sandstone 5 780 | Price 297
21 Sandstone 9 000 | Jaeger 215
22 0il Creek Sandstone #% | Handin 249
23 Dolomite 24 000 | Bredthauer 55
2h White Dolomite 12 000 | Bredthauer 55
25 Clear I'ork Dolomite %#% | Handin 249
26 Blair Dolomite ##% | Handin 2hg
27 Blair Dolomite 75 000 | Brace 52
28 Webtuck Dolomite 22 000 | Brace 52
29 Chico Limestone 10 000 | Bredthauer 55
30 Virginia Limestone 48 000 | Bredthauer 55
31 Limestone 20 000 | Jaeger 215
32 Anhydrite 6 000 | Bredthauer 55
33 Knippa Basalt 38 000 | Bredthauer 55
34 Sandy shale 8 000 : Bredthauer 55
35 Bhale 15 Q00 | Bredthauer 55
36 Porphry Lo 000 { Jaeger 215
37 Sioux Quartzite #% | Handin 2kh9
38 Frederick Diabase 71 000 | Brace 52
39 Cheshire Quartzite 68 000 | Brace 52
40 Chert dyke material 83 000 | Hoek 194
41 Quartzitic shale (Dry) 30 900 | Colback and Wiid 83
Lo Quartzitic shale (Wet) 17T 100 | Colback and Wiid 83
43 Quartzitic sandstone (dry) g 070 | Colback and Wiid 83
bl Quartzitic sandstone {wet) 4 970 | Colbvack and Wiid 83
ks Slate (primary cracks) 4 300 | Hoek 193
L6 Slate (secondary cracks) 15 900 | Hoek 193

b Dolerite 37 000 | CBIR -

48 Quartzite (ERPM Footwall) 31 000 | ¢SIR -

Lo Quartzite (ERPM Hanging 43 200 | cSIR -

wall)
|50 |Glass 91 000 | CSIR -

2% Uniaxial compressive strength

Presented in dimensionless form by MeClintock and Walsh
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variety of materials included in this survey, there is a remark-
able agreement between these results and the fracture initiation
behaviour predicted by the modified Griffith theory. On the

basis of this agreement one may be tempted to conclude that

this theory is substantially correct. Closer inspection, however,
reveals an anomaly which suggests that the picture is not as

simple as one may wish to believe,

Investigations by Jaeger?!® indicate that the coefficient of
friction of rock against rock is of %the order of 0.8, Many of
" the materials included in Figure 1l appear to have coefficients
of friction considerably in excess of unity. This suggests that
there must be interlocking of projections on the crack faces and
that propagation of the crack can only occur when these projections
have been sheared off. Alternately, because of the interlocking
of the grains themselves, the crack may be forced to follow &
complex path. This propagation may require an increase in the

coefficient of internal friction.

Consequently, the results presented in Figure 11, although
most encouraging, suggest that the mechanism of fracture

propagation requires further investigation.
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BRITTLE FRACTURE PROPAGATION IN COMPRESSION

In studying the fracture of brititle materials subjected to
tension, fracture is normally expected in a direction perpen=-
dicular to the applied tension, in other words, in the plane

of the critically oriented crack, In the case of a brittle
material subjected to compressive stress, one might therefore
expect that fracture propagation will also follow the direction
of the most critically oriented crack, i.e, one which is inclined

at 20-30° to the direction of the major principal applied stress.

Detailed examination of equation (15)283 ghows that the
maximum tensile stress on the boundary of an inclined crack does
not ocecur at +the actual crack tip. Experimental results
presented by Brace and Bombolakis®? confirm this finding anad
reveal that fracture propagation does not follow the direection

of the initial crack.

In order to study these effects in greater detail, an
experimental study on glass plates containing initial cracks was
carried out by Hoek and Bieniawski3®3 apd the results are

summarised below,

12,1 Fracture propagation from an open "Griffith crack"

The edges of 6 inch sguare by & ineh thick plates of annealed

glass were carefully ground, Open "Griffith Cracks" were
machined into these plates by means of a Mullard 60 watt ultra=
sonic drill. The length of these cracks was kept constant at

1 inch and the axis ratio at 25:1. The ¢racks were oriented at

their critical angles as determined from equation (19),

The plates were subjected to uniformly distributed edge
loading in the tension and compression loading devices described
in Appendices II and III to this study. The specimens were
studied photoelastically while under load and the stresses at
which fracture initiated were noted. A typical isochromatic
pattern obtained in a plate subjected to uniaxial compression is

reproduced in Figure 1l2.

The stresses at which fracture initiated are plotted, in

terms of the major and minor applied principal stresses, in
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FIGURE 12

Isochromatic pattern in a glass plate containing
an open "Griffith" crack from which fracture has
propagated under uniaxial compressive applied stress
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Figure 13 and as Mohr circles in Figure 1h, The experimental
results are compared, in these figures, with the theoretical

Griffith fracture loci defined by eguations (43) anda (50D).

From the agreement between the experimental and theoretical
applied stresses at fracture initiation, one must conclude that
the original Griffith theory provides an sccurate basis for the
prediction of fracture initiation from an open crack in a plane

stress field.

In uniaxial tension, as can be expected, fracture propaga-
tion cccurred in a direction perpendicular to the direction of

applied tension.

In biaxial compression, the fracture propagation followed
& consistent pattern. As revealed by careful examinsastion of
Figure 12, frecture initiated at a point on the crack boundary
near but not at the crack tip and propagated along a curved peth.
Fracture propagation ceased when the cerack path had beconme
parallel to the major principal applied stress direction. In
all cases, the applied stress was increased to at least three
times the fracture initiation stress and, if the cracks showed
no tendency to propagate further, the test was discontinued on
the assumption that fracture of the specimen would not occur

except at much higher stress levels,

The lengths of the stable cracks were found ta be related
to the ratio of the applied principal sitresses as illustrated
in Figure 15. These findings are similar to those previously
reported by the author!®5 for the propagation of cracks from a

circular hole in a biaxial compressive stress field.

Under uniaxial compressive stress conditions, fracture
propagetion commenced with the sudden appearance of a small erack
of approximately 0.2 times the initial crack length. Normally,
this crack would appear at only one end of the initial crack but
would be followed, within a period of a few seconds* and at the
same applied stress level, by a mirror image crack at the other

end of the initial crack, Further propagation .of these cracks

In many of these tests on glass, the fracture process was
observed to be significantly time~dependent but no eonclusion
can be drawn from the present results because of a lack of
adequate records in this respect.

[]
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required an increase in the spplied stress and this applied

stress is plotted, against crack length, in Figure 16.

In the case of biaxial compression, insufficient informa=
tion is available to permit the plotting of graphs similar %o
that shown in Figure 16, From examination of available records,
however, it appears that the length of the initial and final
cracks do not differ by more than a few percent, This implies
that, if the crack can be propagated, the stress reguired to do
80 would be many times greater than the initiation stress and,

as such, is of little practical interest.

From these results it can be concluded that a single open
"Griffith crack" cannot account for the failure of a specimen
unless the ratio of the applied principel stiresses is equal to
or less than zero i1.e. in uniaxial compression or when one of the
principal stresses is tensile. It is alsoc suggested that, when
failure of the specimen originates from a single crack, the
direction of the macroscopic fracture surface will always tend
to be parallel to the direction of the major applied prinecipal

stress.

12.2 TFracture propagation from an initially closed
"Griffith crack"”

Since it appears reasonable to assume that the cracks from which
the fracture of hard rock initiates are initially closed*9, an

attempt was made to produce closed cracks in glass plates.

The method used to produce these cracks involved inducing
a hairline crack of the required length on the surface of the
glass plate, A hardened roller type glass tool which induces
this crack as a result of the stress distribution under the con-~
tact point has been found preferable to a diamond tool which
scores the glass surface,. The shallow hairline crack is
propagated through the thickness of the plate by reflected
tensile stress waves generated by impacting the plate on the

face opposite to that containing the crack.

Preliminary tests carried out on closed cracks showed that
the mechanism of fracture differs significantly from that of

open eracks, An example of fracture initiation and propagation
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from a closed crack in glass is illustrated in the photograph

reproduced in Figure 17.

Careful observation of the crack, during loading of the
specimen, revealed the formation of short vertical cracks along
the length of the initial crack. These cracks multiplied with
increasing applied load until the cracks closest to the initial
crack tip started to propagate. At this stage, the formation
of the short cracks ceased. In most cases, the cracks which
finally propagated, although nearest to the crack tips, were a
significant distance away from it as illustrated ian Figure 1T,
It will also be noted that all the cracks lie parallel to the

direction of the major principal applied stress.

In order to determine the coefficient of friction p and the
critical crack orientation L for closed cracks in glass, a
series of tests was carried out in which plate models containing
cracks at various orientations were loaded in uniaxial com=-
pression. The applied stress at which fracture initiated is
plotted for various crack orientations in Figure 18, It will
be noted thet the lowest stress required to initiate fracture
oceurs at & crack orientation of approximately 27%0 which, from

equation (32), coincides with a coefficient of frietion u of 0.7.

From equations (31) and (L42) the following equation can be
derived, relating the applied uniaxial compressive siress 91

the uniaxial compressive strength 9, and the creck orientation ¥:

dl 1+p2-p

-5-- R R R R (61)
¢ sin 2y - p{l - cos 2¢%)

Substituting p = 0.7 into this equation results in the curve
illustrated in Figure-lB and, from the agreement between this
curve and the experimental results, it can be concluded that the
estimate of p = 0.7 is sufficiently accurate for practical

pUrpoSe s,

Having established that the critical orientation wc for

closed cracks in glass is 27%0, plates containing cracks with
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FIGURE 17

Fracture ‘propagation from a closed
crack in glass subjected to uniaxial
compressive stress conditions
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this orientation were tested at varidus.ratios of applied

principal stresses.

It was immediately obvious in carrying out these tests that

two distinet phases of fracture behaviour can be distinguished.

Firstly, the short cracks illustrated in Figure 17 appear
at a well defined stress level. These cracks, all of approxi-
mately the same length, increase in number with increasing applied

stress.,

Secondly, also at a well defined stress level, the short
cracks closest to the tips of the initial crack started to
propagate. As in the case of the open cracks, the length to
which these cracks could be propagated was found to depend upon

the ratio of applied stresscso.

The results of these tests are plotted, as the relationship
between the principal stresses, in Figure 19 and, as Mohr circles,
in Figures 20 and 21, These experimental results are compared
with the original and modified Griffith fracture loci, cal-
culated on the basis of the uniaxial compressive stréngth o, and,
in the case of the modified theory, using a coefficient of
friction u of 0,7

Comparison of the theoretical and experimental results in
Figures 19, 20 and 21 suggests a fracture mechanism which would
account for the observed behaviour. This fracture mechanism

is dimgrammatically illustrated in Figure 22.

Due to irregularities in erack surface, sections of the crack
are forced into intimate contact and develop a high frictional
shear resistance when the crack is subjected to compressive
stress. Between these sections of high shear resistance, one
can visualise short open "Griffith cracks" as illustrated in
Figure 22, Since these cracks do not exert a significant ine
fluence upon each other, as illustrated in Figure 23, it can be
anticipated that fracture initiation from these cracks will be
reasonably accurately defined by the original Griffith theory,
Examination of Figures 19 and 20 reveals that this is, in fact,

the case,
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PHASE 1! FRACTURE INITIATION

FROM SHORT OPEN CRACKS
SEPARATED BY SECTIONS WITH
HIGH FRICTIONAL SHEAR
RESISTANCE

PHASE 2. FRACTURE PROPAGATION

OF CRACKS NEAREST TIPS OF
INITIAL CRACK WHEN FRICTIONAL
SHEAR RESISTANCE OF CRACK
SURFACES HAS BEEN OVERCOME,

" CRACK OPENS UNDER

TENSILE STRESS
CONDITIONS,

FIGURE 22

Diagrammatic representation of the probable
fracture mechanism of a closed crack in glass
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As the applied stress level is increased, & stage will be
reached at which the frictiomal shear resistance due to contact
between the crack surfaces is overcome. At this stage, fracture
Propagation occurs as a result of extension of the existing
cracks near the tips of the initial crack. Since the stress
level at which shear movement of the crack surfaces can take
rlace is dependent upon the normal stress Oyy 8CTOSS the crack
and the coefficient of frietion y, it can be anticipated thet
this stress level can be predicted by the modified Griffith
theory. Agalin, comparison of the experimental and theoretical
results presented in Figures 19 and 21 shows that this is the

case.

Figures 19, 20 and 21 show that the fracture stress in
uniaxial tension is approximately one half of that anticipated
theoretically from equation {(42). It is proposed that the
reason for this discrepancy lies in the fact that equation (29),
from which equation (42) is derived, is not sufficieatly
accurate when applied to cracks in which the radius of the tip

approaches zero, i.e. both go and n =+ 0.

From the results of these tests, it can be concluded that
the original and modified Griffith's fracture criterion provide a
good description of fracture initiation and the initial propaga-
tion of fracture from closed cracks in glass, As in the case
of the open cracks, the presence of a gingle crack cannot

account for failure of the specimen if 3/01 > 0,

12,3 Brittle fracture propagation in rock

Studies on the behaviour of isolated eracks, discussed in the
previous sections, have shown that, except for G3/01 < 0,
Tailure of a specimen cennot occur as a result of the presence
of a single crack, It must therefore be concluded that the
presence of a favourable array of cracks is an essential pre-

requisite for roek fracture on a macroscopic scale.

Figure 24 illustrates the crack path in a typical quartzite
specimen in which fracture was arrested just before the specimen
became unstable. It will be noted that this crack has propa-

gated along the grain boundaries which, in this case, constitute
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FIGURE 24

Crack path in a quartzite specimen
subjected to uniaxial compression
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the favourable crack array which is necessary to cause failure

of the specimen,

The photograph reproduced in Figure 25 shows %he multitude
of cracks which have developed in a quartzite specimen in
which fracture was arrested by removal of the applied com=

pressive stress just before the specimen became unstable.

A detailed examination of fracture patterns such as those
illustrated in Figures 24 and 25 and the evidence presented
earlier in this section has led the author to the belief that
Tracture in hard rock follows the sequence illustrated disgram=

matically in Figure 26,

Phase 1 :+ Fracture initiation occurs at microcracks
within grain boundaries which are oriented at between 20 and
30 degrees to the direction of the major prinecipal applied
stress. This fracture initiation can probably be accurately
predicted by the original Griffith fracture theory. Experimental
evidence accumulated from tests on guartzite specimens, in which
fracture was arrested at various percentages of the ultimate
strength, suggests that fracture initistion from grain boundary
microcracks occurs at between TO and 80% of the ultimate com-

pressive strength.

Phase 2 ¢ At approximately 85% of the compressive strength
of quartzite, the frictional shear resistance of the potential
grain boundary crack is overcome and sliding along this crack
occurs as predicted by the modified Griffith theory. This
sliding is, however, soon arrested by interlocking of the grains

of the material.

If this interlocking is severe, as illustrated in Figure
26, a considerable increase in the applied stress is necessary
before propagation of this erack can occur. Conseqguently,
similar cracks will form in other suitably oriented grain

boundaries as illustrated in Figure 25.

Phase 3 : Fracture propagation and fracture of the
specimen occurs when the interlocking grains fail and allow the

numerous cracks which have formed to join. Final fracture
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FIGURE 25

Development of fracture in compression
specimens from which the load was removed
just before final failure
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PHASE 1: FRACTURE INITIATION
FROM MICROCRACKS IN GRAIN
BOUNDARIES ACCORDING TO
ORIGINAL GRIFFITHS THEORY.

PHASE 2: SLIDING ALONG
GRAIN BOUNDARY WHEN
FRICTIONAL SHEAR RESIS-
TANCE IS OVERCOME
ACCORDING TO MODIFIED
GRIFFITH THEORY, 'FRACTURE
ARRESTED BY INTERLOCKING
GRAINS.

PHASE 3: FRACTURE PROPAGATION
OCCURS WHEN INTERLOCKING
GRAINS FAIL AND ALLOW SHEAR
MOVEMENT. INCLINATION OF FINAL
FRACTURE SURFACE NEED NOT
COINCIDE WITH CRITICAL CRACK
ORIENTATION PREDICTED BY
MODIFIED GRIFFITH THEORY.

FIGURE 26

Proposed rock fracture mechanism
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occurs as a result of shear movement along an array of cracks.

Since the interlocking grains fail as a result of complex
stress distributions induced by point loading, the final
Fracture direction need not coincide with the orientation of
the individual grain boundary cracks. Examination of
fractured hard rock specimens reveals that the mecroscopic
fracture surface usually lies ait approximately 30° to the
direction of the major principal stress as compared with a
eritical cerack orientation of 223° predicted by the modified
Griffith theory for a rock with a coefficient of friction
of unity.

The final fracture phase postulated above is markedly
dependent upon the grain structure of the rock. In igneous
and metamorphosed sedimentary rocks, in which the grains have
been tightly packed and well cemented, severe interlocking of
the grains can occur. Phis would result in a considerable in-
crease in the applied stress required to propagate the graln
boundary cracks and would manifest itself as an apparently high

coefficient of internal friection.

On the other hand, in sedimentary vocks, in which the grains
are loosely bonded, phase 2 and phase 3 are probably almost
coincident and the fracture conditions more nearly those

predicted by the modified Griffith fracture theory.

Careful examination of Figure 11 shows that, in fact, the
igneous and metamorphosed sedimentary rocks are characterised by
a coefficient of friction in excess of unity while the sedimentary

rocks have coefficients of friction of less than 1.00,

12.4 The application of the original and modified
Griffith's theories to rock fracture

On the basis of the evidence presented in the preceeding sections,
it is suggested that, with certain limitations, the original and
modified Griffith's fracture theories offer an adeguate basis

for the sclution of practical rock fracture problems,

The limitetions are due to the fact that failure of a

specimen requires propagation of cracks and this propagation does
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not necesserily cccur at the same stress . level nor follow the

same direction as the fracture initiation process predicted by the
theories, However, on a macroscopic scale, fracture propaga-
tion follows the general trends predicted by the original and
modified Griffith's fracture theories and, consequently, these

theories constitute an acceptable practical rock mechanics tool.
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13, DTHE STUDY OF THE FRACTURE OF ROCK SPRCIMENS

In studying the fracture of rock specimens in the laboratory, an
exact knowledge of the state of stress in the specimen is
essential. This requires careful design of the loading

apparatus as well as careful preparation of the specimen.

Before discussing details of the equipment and technigues
used by the author, the principal features of triaexiasl test

equipment used by other research workers will be considered,

13.1 TIriaxial compression testing of rock specimens

Most of the apparatus described in publications on triaxial COon -
pression testingl7? 523 572 1663 174s 189s 202s 203s 2702 277>
297» 301ls 3122 329 355% pag geversl features in common. The

most important of these common features ares

(i) Generally, cylindrical rock specimens are used for
compression testing. The choice of this specimen
geometry is governed by the availability of core
specimens and the ease of specimen preparation,
The length to diameter ratio of specimens and the

i method of end preparation differ considerably.

(ii) In most triaxial tests, the specimen is subjected
to an axial load in a compression testing machine
and the lateral stress is applied by means of &
filuid under pressure which surrounds the specimen.,
This stress state can be expresses as 04 > 0, = 03
where oy is the axial stress in the specimen and

g, = o the lateral hydraulic pressure. The

2
specimen must be sleeved in order to prevent ingress

|

of the surrounding fluid.

(iii)} In most cases, the specimen is subjected to a fixed
lateral pressure and the axial stress is increased
until failure of the specimen occurs.

Most of the common features described above have been chosen
&5 & result of sound practical reasoning and, with the exception
of inevitable differences created by the details of a particular
design, there does not appear to be any valid reason for departing
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from common practice.

13.2 ©Btress distribution in a compression specimen

Theoretical studies of the stress distribution in eylindrical conm-
pression specimensl!292 902 152> 162 2932 ghoy that the stress
distribution can deviate considerably from uniformity, depending
upon the length to diameter ratio of the specimen, the coefficient
of friction between the plattens and the ends of the specimen and

the Poissen's ratio of the specinmen material.
P

The solution of Balla's equations!®?* 1862 for various typical
cases* reveals that the main factor which induces a non-uniform
sbress distribution in the specimen is the frictional restraint
imposed upon the specimen ends. When the specimen is compressed
between semi-infinite rigid plettens, the specimen assumes =a
barrel shape due to the shear stresses between its ends and the

8
plattens .,

Under the worst conditions -~ essuming a coefficient of
friction of unity between the specimen and the semi-infinite rigid
plattens - the length to diameter ratio of the specimen should be
at least 2:1 in order that the stress distribution in the centre

third of the specimen should be uniform.

Two possible mzans for inproving the stress distribution

suggest themselves:
{(a) To reduce the coefficient of friction between the
specimen and platten and
(b) To design the platten to deform radially with the

specinmen,

Both of these steps are aimed at reducing the shearistresses

between the specimen and platten.

The principal objections to reducing the coefficient of

friction between the specimen and platten by lubrication are the

* HOEK, E. Unpublished CSIR internal report on the analysis

of fracture in a cylindrical compression specimen November 1963
** - - »
In a private communication to the author (1964) Dr J.R. Hoskins

of the U.S. Bureau of Mines polinted out certain errors in
Balla's equations. These errors do not, however, invalidate
the above argument. :
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uncertainty of the process and the danger of extrusion of the
layer of lubricant. This extrusion can induce razdial tensile
stresses in the specimen end which can cause the specimen to split
along its axis, This danger is partigularly pronounced if a
layer of rubber on plastic is inserted between the specimen and

platten in an effort to reduce the effects of friction.

The approach adopted by the author was to design the specimen
and platten as a unit in such a way that both deform radially to
a similar extent. In this case the ends of the specimen are un-
lubricated and it is assumed that the coefficient of friction

between specimen and platten approaches unity.

The principal features of this design are illustrated in
Figure 27 which shows that the specimen is the same diameter as
the steel platten through which it is loaded.

The radial strain in a eylindrical specimen subjected to
triaxial compressive stress can be approximated by the following
egquation

O’l 03 1+ 0’3

£ = e —— (it LI R N N AR Y] (62)
r Ejo g
1 1

A survey of the properties of typical hard rocks, in which
most gold mining in South Africa is carried out, shows that the
average Young's Modulus is 12 x lO6 i1b/sg. in and the average
Poisson's ratio is 0.15. Substituting these values into equation
(62) results in the curve plotted in Figure 27, The radial
strain of the steel plattens is compared with that of the rock
specimen and it will be noted that, at low prineipal stress ratios,
these strains are reasonably similar. Since hard rocks will
only fail at principal stress ratios smaller than approximetely
0.25 (see section 8.5 of part I), the radial strains in specimen
and platten are sufficiently similar to induce an acceptably

uniform stress distribution in the specimen.

Figure 25, which shows the fracture pattern in a cylindrical
specimen from which the load was removed just before complete

failure, Justifies the above assumptions since it reveals that
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fracture is uniformly distributed throughout the body of the

specimen.

In addition to these efforts to improve the stress distribu-
tion in the specimen, a specimen length to diameter ratio of 2:1
is used, Hence, even in softer materials in which the radial
strain may differ considerably from that in the plattens, the
stress distribution in the centre portion of the specimen will

still be approximately uniform.

13.3 Triaxial compression testing equipment

Details of the apparatus designed by the author for the triaxial
compression testing of rock specimens are given in Appendix IV.

The principal features of this apparatus are:

(i) The specimen is loaded between steel plattens of +the

same diameter as the specimen.

(ii) Spherical seats are provided at each end of the

specimen to minimise eccentricity of loading.

(iii) The specimen is subjected to axial loading and
lateral hydraulic pressure so that the stress
state in the specimen can be experessed as

Gl > 0'2 = 03-

(iv) The specimen is sleeved with latex rubber to

prevent ingress of the hydrauliec fiuid.

(v} The ratio of lateral %to axial stress in the
specimen remains constant throughout the loadw

ing cycle.

(vi) Strain gauge lead wires can be brought out through
the axial loading piston for measurements of the

elastic moduli.

Triaxial apparatus is at present available for testing EX
©.85 inch diameter), BX (1.66 inch diameter) and NX (2.13 inch
diameter) specimens., The length to diameter ratio of the

specimens is always 2:1,

13.4 Tensile testing of rock specimens

In order to obtain a complete fracture diagram for a rock sample

it is desirable to measure its uniaxial tensile strength.
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Numerous experimental techniques have been used in attempts
to obtain reliable values for the tensile strength of brittle
materials and some of these techniques are discussed briefly

hereunder.

The simplest experimental technique involves bonding a rock
specimen between steel end-pieces and subjecting it to direct
tension., The extremely unreliable results obtained from this
type of test are due to the high stress concentrations which occur
in the adhesive layer and to the difficulty of eliminating eccen=-
tricity from the loading. In an attempt to overcome these
difficulties, the author has experimented with various end fixings
and specimen shapes and, while a considerable improvement in the
consistency of results has been obtained, the problem of bending
in the specimen has proved almost impossible to overcome when

- . - *
mechanical loading is used .

Indirect tension tests have been fairly extensively used in
the study of rock properties. Beam specimens subjected to bend=-
ing and hollow cylinders subjected to internal pressureS6 have
been used, particularly in concrete testing. The so=~called
"Brazilian" test which involves subjecting a disc specimen to
diametral compressionl92 is also a convenient and simple method

for obtaining an estimate of the temnsile strength of rock.

The principal objection to these indirect methods is that the
tensile stress from which fracture initiates is confined to s small
portion of the test specimen. In the case of the beam and hollow
cylinder, the tensile stress occurs on the specimen surfece and,
depending upon the geometry of the specimen, the stress gradient
into the body of the specimen can be relatively steep. In the
case of the disc subjected to diametral compression, true tensile
fracture is only theoretically pogsible at the centre of the disc

# 8
where the principal stress ratio 3/01 = =0,33 .

Since the influence of stress gradient upon the fracture of
rock is, at this stage, largely unknown, it is felt that, while

It is understood that an American research organisation uses
air bearings in an effort to eliminate bending from ceramic
x4 tensile specimens.

COLBACK, P.S.B. Unpublished CSIR internal report on the
fracture of a disc subjected to diametral compression.
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these indirect methods may be useful for obtaining estimates and
for comparative studies, they should not be used in an effort to

determine the actual uniexial tensile strength of rock.

The technique used by the author for the determination of the
uniaxial tensile strength of rock specimens is an adapbtation of
that used by Brace®? for his rock strength tests, This technique
involves subjecting a sleeved "dog~bone" specimen to hydraulic
pressure in the apparatus illustrated diagrammatically in
Figure 28. The test section of the specimen is subjected to a
state of triaxial stress in which the axial stress (53) is tensile
and the radial stress (cl = 02) is compressive, By varying the

ratio of test section to specimen end diameter, various principal

stress ratios (63/01) can be induced in the specimen. The prin-
cipal adventage of this technique is that bending of the specimen
is virtually impossible, provided that the specimen is accurately
machined, Details of the specimen preparation will be discussed
in a later section of this study.

A three-dimensional photoelestic model of the "dog=bone"
tensile specimen illustrated in Figure 28 was used to cheek the
stress distribution in the test section and fillets. It was
found that, when d2 = Edl, no stress concentration could be

detected for fillet radii in excess of hdl.

13.4 BSpecimen size and selection

It is well known that the strength of brittle materials is markede-
ly dependent upon the size of the test specimen, Very little
reliable information on this effect is aveilable in literature

and the discussion which follows is based upon the work of
Protodiskonov299?,

According to Protodiskonov, the relationship between the
strength of a rock specimen and the strength of the roek in situ

is given by the following relationship:

Oy + b (m - 1)

US = +UM L N N (63)

d + b

where gq is the strength of the specimen

Ty is the strength of the rock mass in situ
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@ is the diameter of the specimen

b is a constant which depends upon the spacing
between fissures or inherent cracks and

m 1is a coefficient which indicates how many
times the strength of the crack free
material exceeds the strength of the rock

in situ.

Since the exact definition of the constant b is not clear in
Protodiakonov's paper (presented in Russian), the author has
presumed that b is, in fact, equal to the average spacing between
the discontinuities from which frecture initiates. In the case
of hard rock, b is approximately equal to the average grain
size®! while, in the case of coal, b is probably equal to the

cleat spacing.

Rewriting equation (63) in dimensionless form:

8 m - 1
-5-— = +l & % 0 & 3 0 8 00 80P B0 s e (6h)
M d/b + 4

The solution to this equation, for various values of m and
d/b is presented graphically in Figure 29 in which, for the sake
of clarity, logarithmic scales have been used. Note that equa=-
tion (64) is that of a hyperbola.

From the curves plotted in Figure 29, some interesting con=-
clusions can be reached, For a given rock type, for which m and

b are constant, the strength of the specimen o approaches the

E
strength of the rock mass O fairly rapidly with increasing
specimen size. The specimen size, expressed in multiples of the

crack spacing b, required to give a strength value within 10% of
that of the rock mass depends upon the magnitude of the coeffi-

cient m.

Very few experimental determinations of the size effect in
rocks, covering a sufficiently wide range of sizes, have been
reported in literature. Consequently, an accurate estimate of m
is, at present, difficult to obtain. Protodiakonov gives a method
for the determination of Iy b and m from strength measurements on

three specimen sizes but obviously, in order to obtain accurate
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estimates of these constants, the specimen sizes should cover as

wvide a range as possible.

From the limited number of experimental results svailablel36s
29% it is possible to arrive at some very crude estimates for the

value of m,

From these results, it is evident that the value of m depends
upon the stress state to which the specimen is subjected, The
frictional effects due to crack closure in compression reduce the
difference in strength between small and large specimens as comw
pared with the differences obtained under tensile stress condie
tions. Under tension, the cracks open and give rise to very

large strength reductions.

The following estimates of m have been made from available
data:

Coal subjected to compression 5 <m < 10
Coal subjected to tension 10 < m < 50
Rock subjected to compression 2 <m < 5
Rock subjected to tension 5 < m < 10

Wnile these estimates must be treated with extreme caution,
they do enable one to arrive at an order of magnitude for the

specimen size which is acceptable.

Hence, for coal subjected to compression, the specimen size
should lie between 10 and 100 times the average cleat spacing.
Since the cleat spacing may be of the order of 2 inches, the
specimen size reguired to provide a reasonable estimate of the in

situ strength of coal should lie between 20 and 200 inches,

Because of the large value of m for coal subjected to tension,
it is probably impractical to attempt to determine a value of the
in situ tensile strength of coal. In the author's opinion, no
serious error would be involved if the tensile strength of coal

in situ is assumed to be zero.

In the case of rock subjected to tension or compression,
assuming an average value of 5 for m, the specimen size should be
approximately 20 times the grain size in order that the strength
of the specimen should be within 10% of the ip situ strength.
Since, for most of the hard rocks with which this study is
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primarily concerned, the grain size can be measured in fractions
of an inch, specimens whose dimensions are measured in inches are

acceptable,

The preceding discussion has been based on mean strength
values for any given aspecimen size. Obviously, in a material
such as rock, there is an appreciable scatter around the mean and
it is necessary to consider the distribution of strength results

within any given sample.

As in the case of the size effect, very little experimental
evidence with permits accurate evaluation of the strength

distribution is available.

Protodiakonov2?? has analysed the results of compressive
tests on Deep Dufferin coal obtained by Evans and Pomeroyl!l8 and
has found that the distribution of strength results is adequately
defined by a normal Gaussian distribution. Wiid, who has carried
out tests on a Scuth African sandstone*, has found that the
strength results within & given sample have a slightly skew dis-

tribution; there being a predominance of weaker results. ’

The asuthor feels that a skew distribution is a more realistic
reflection of in situ conditions since, in the laboratory, those
specimens with very low strength do not survive the specimen
preparation process and are therefore excluded from the sample.
Congequently, when normal specimen sampling, based on the survival
and appearance of specimens, is practised, it must be realised
that the mean in situ strength is probably lower than the mean
strength obtained in the laboratory.

If it is assumed that the cracks from which fracture initiates
are randomly distributed throughout the specimen, it can be antici-
pated that the variation in strength will decrease with inecreasing

specimen size.

13.5 Specimen preparation

Reliable results can only be obtained from laboratory strength
tests on rock specimens if sufficient care is exercised in the

preparation of these gpecimens. Experience has shown that poor
#

WIID, B.L. Unpublished CSIR internal report on the influence
of moisture on the strength of rock.
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specimen preparation can cause a large amount of scatber in

strength results,

Since the specimens used by the CSIR are all cut from diasmond
drilled core, the first important step in specimen preparation is
the drilling process. It has been found that very light drilling
machines, driven by approximately 3 horsepower motors and hand fed,
are not suitable for the drilling of core from which test specimens
are to be cut. The structure of these light machines is gen=-
erally to flimsy to prevent vivration of the core barrel during
drilling and the core obtained with these machines is neithew
straight nor of a uniform diameter. Such core requires grinding
of the cylindrical surfaces.

The drilling machine used by the Rock Mechanics Division of
the National Mechanical Research Institute is a heavy duty hydraue
lic feed machine, illustrated in Figure 30. In this machine,
the drill chuck is driven by a ten horsepower motor through a
five speed gear-box, The feed rate and thrust are independently
adjustable and can be maintained at a constant level, Hence, for
a given rock type the optimum drilling speed, feed rate and thrust
can be determined experimentally and maintained throughout the

drilling programme.

The frame of the machine, which is designed for drilling deep
holes for prospecting, is very rigid and the core recovered with
this machine is extremely straight and parallel. This core

requires no further grinding of its cylindrical surfaces.

With the exception of coal and rocks which disintegrate when
wet, all drilling is carried out wet. Water under pressure is
fed into the core barrel, through a water swivel, and provides
cooling of the cutbting edge a5 well as removal of the pulverised
material.

In the case of rocks which cannot be drilled wet, compressed
air is fed through the barrel and provides cooling and dust
removal, A vacuum system attached to & collar which surrounds
the core barrel is used to collect the dust Forced out by the com=

pressed air.

Compression test specimens are cut from the core by means of
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FIGURE 30

Hydraulic feed drilling machine used
for specimen preparation
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a diamond saw and the ends are then ground in the machine illuse
strated in Figure 31. In this machine, the core is held in an
accurately aligned Vee block which is moved across the face of a

diamond impregnated cup wheel.

Tension test specimens are ground from core specimens in the
lathe illustrated in Figure 32*. A diamond impregnated wheel,
driven by a tool-post grinder is used to grind the specimen
profile. This profile is generated by means of & template along

which the tool-post is driven by the lead-screw.

13.6 Conclusions on the strength testing of rock specimens

The Mohr fracture envelope for a typical South African quartzite
is illustrated in Figure 33. The results included in this
diagram were obtained with the apparatus and using the technigues
discussed above. These results can be regarded as typical of
the results which have been obtained in the large number of tests
carried out by the Rock Mechanics Division during the past three

years.

The scatbter of the results plotted in Figure 33 is encour-
agingly small but it must be remembered that these specimens have
survived the preparation process and cannot be regarded as a
random sample, In addition, these specimens were cut from
standard EX core (0.85 inch diameter) and their strength must be
considered in relation to the size-strength relationship given in
Figure 29.

Ideally, all strength testing is aimed at establishing the
strength of rock in situ in order to provide a2 rational basis Ffor
the design of mine excavations. With this aim in view, it is
interesting to consider to what extent the results presented in
Figure 33 can be accepted as representative of the streangth of the
gquartzite in situ.

On the basis of the discussion presented earlier in this
section and using a fair amount of imagination, the hypothetical

fracture diagrams presented in Figures 34 and 35 have been con-

%
The equipment for grinding the ends of compression specimens and
the profile of the tension specimens was designed by Mr J.B.
Kennard, Principal Technician in the Rock Mechanics Division of
the National Mechanical Engineering Research Institute.
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structed. These diagrams purport to show how the propertieg of
rock obtained from tests on a normal laboratory specimen are

related to the overall fracture behaviour of the naterial.,

Figure 34 illustrates the influence of specimen size upon
the Mohr fracture diagram of & hard rock such as quartzite. The
values presented in this figure have been estimsted from
Protodiakonov's relationship given in Figure 29. It has been
assumed that tests on a 1 inch diameter specimen given a mean
uniaxial tensile strength of approximately 4 000 1b/sq. in and a
mean uniaxial compressive strength of approximately 30 000 1b/sq.

in.

From the earlier discussion, it can be anticipated that the
uniaxial tensile strength is more size dependent than the uniaxial
compressive strength. Hence the uniaxial tensile strength rises
sharply as the specimen size decreases. Protodiakonov??®? has
assumed that, if it were possible to0 test tensile specimens which
were 80 small that no cracks or flaws could be contained within
the specimen, the uniaxial tensile and compressive strengths
would be equal. Under these conditions failure would occur as a
result of plastic flow within the crystal. Since there is no
experimental evidence to support or contradict this postulate, it
must remain unchallenged but it can be stated that failure in this
realm of specimen size is of little practical interest to the

engineer,

Protodiakonov's postulate does, however, have one important
bearing upon the present problem in that it implies that the slope
of the Mohr envelope must change with specimen size, Obviously
this must be true in the region where one of the principal stresses
is tensile. However, in the author's opinion, once the specimen
is large enough to contain a number of randomly oriented grain
boundary cracks, the slope of the Mohr envelope, in the compressive

stress region of the diagram, will remein constant.

In Figure 35, the distridbution of strength values for s given
specimen size is illustrated. It is assumed that approximately
150 results are available for uniaxial tensile and compressive
tests and that the scatter is due only to the distribution of

inherent flaws in the specimens, i.e, the test conditions are
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assuned to be perfect.

The so0lid lines in Figure 35 indicate the results of tests on
normal laboratory specimens while the dotted lines illustrate the
results which would probably be obtained from a true random
sample of specimens, The difference is due to the fact that
weaker specimens do not survive the preparation process and are

therefore excluded from the laboratory sample.

While the reader will readily appreciate the present lack of
adegquate informetion for the complete evaluation of the fracture
properties of a particular rock, it will also be obvious that
laboratory testing procedures afford a realistic first approxima=-
tion of these properties, Until more dats becomes available,
particularly from reliable large scale tests, small scale tests
in the laboratory must remain the primary source of practical

rock fracture data.

In the case of hard rock, this laboratory data is considered
sufficiently accurate to permit its use in the design of mine
excavations. However, in the case of materials such as coal,
laboratory testing of small specimens can only be used with con=
fidence if a few reliable large scale measurements are available
and can be used as a basis for extrapolating the laboratory

results,
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INFLUENCE OF ADDITIONAL FACTORS UPON ROCK FRACTURE

In the preceding sections of this study it has been assumed that
the element of rock under consideration contains a large number of
randomly oriented cracks, These cracks are assumed to be ini-
tially closed and the factors which influence their behaviour,
namely the cohesive strength and the coefficient of internal

friction, are assumed to be constants.

Before going on to discuss the practical application of the
original and modified Griffith's theories, it is necessary to con-
sider whether the above assumptions are justified and to what
extent any deviation from the assumed behaviour can be explained

theoretically.

The influence of the following additional factors upon rock

fracture will be considered in this section:

1. Anisotropy

2. Cracks which are initially open
3 Pore pressure

4., Environment and

5. Rate of loading.

14%.1 The influence of anisotropy upon rock fracture

The successful application of the original and modified Griffith's
criterion to the prediction of rock fracture depends upon the

fact that most rocks contain a large number of randomly oriented
cracks from which fracture can initiate. Strength tests on
materials such as gquartzite have not revealed any significant

anisotropy.

On the other hand, materials such as slate exhibit a very
marked anisotropy and the assumption that the inherent cracks are

randomly oriented isg not valid.

In & recent paper193, the suthor assumed that slate contains
¥*
two distinect crack systems :

* During & visit to America, just before the presentation of this
paper, the author found that Professor W.F. Brace and Br
J.B. Walsh, working at the Massachusetts Institute of Technology,
had adopted an identical approach to that used by the author,
Their peper33? was written and presented almost simultaneously
with the author's - neither group being aware of the other's
efforts,
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(a) Large cracks which are preferentially oriented

along bedding planes and

{b) A randomly oriented matrix of grain boundary cracks
which are probably several times smaller than the

bedding plane cracks.

The bedding plane cracks are referred to as primary cracks

and the grain boundary cracks are termed secondary cracks.

In deciding upon the stress required to initiate fracture in
a particular specimen of slate, it is necessary to comnsider the
orientation of the primary cracks and to determine whether the
tensile stresses induced at the tips of these primary cracks
are higher than those which oeccur at the tips of the most

favourably oriented secondary cracks.

1k,1,1 Fracture initiation from open primary cracks

Consider an isolated open primary crack oriented at an
angle ¢y to the direction of the major principal applied
stress gy Assuming that fracture initiastes according to
the original Griffith theory, the siress conditions for
fracture initiation can be deduced from egquations (18 b)

and (23):

1

Ul&(l+k) - {l-k)cos 2¢}— Ulj %{(l+k2) - (l—kz)cos 2@}

cereneses (65)

18]

Q

3
ol

where Utp is the lowest uniaxial tensile strengih of a
specimen containing an open primary crack, i.e. the tensile
strength measured on a specimen contalning a crack oriented

at ¢y = O,

Since the uniaxigl tensile strength is difficult to
determine experimentally, equation (65) can be written in
terms of the lowest uniaxial compressive sirength ocp which
is determined on a specimen containing a primary crack

inclined at 30° to the direction of oy (from equation (19)).

According to the original Griffith's theory, the
uniaxial tensile and compressive strengths are related

by the following equation (from eguation (41)):



=3 —80 4 5 8 9 0 08 0P R AP DS (66)

Substituting into equation (65):

0 1

1
= - ' ceee (6T)
cp f8{(1+k2)-(1-k2)cos 29 - 2{(l+k)—(l-k)cos 24;}

The solution to eguation (67), for various values of k snd

, 1s presented graphically in Figure 36.

14k,1.2 Fracture initiation from initially
closed primary cracks

If the primary cracks are initially closed and if fracture
initiates according to the modified Griffith's theory, the
conditions for frscture initiation can be deduced from
equations (23) and (31):

20 = - % cl{(l-k) sin 2¢ = ut(l+k) -~ (1l~k) cos E#B.... (68)

Expressing equation (68) in terms of the lowest unisxial
compressive strength, determined on a specimen inclined at
arctan l/u to the direction of the major principal applied
stress o, (from equation (42)):

= vese (69)
%cp (1-k) sin 29 - [(1+k) - {1-k) cos 2¢]

NWote that equations (68) and (69) are only applicable when
the normal stress across the crack (cxx) is compressive.
The limits of wvalidity and the transition between %he
original and modified Griffith theories have been fully
discussed in section 8 of part I of this study and only
the most important aspects of these limits need be con=

sidered here.

Since it is considered likely that the coefficient of
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friction on closed primary cracks would be less than unity,
the most important limit of validity is that defined by
equation (38) of section 8.3

-1
k = LI I B A S (38)

2/ 1 + ug + 2y + 1

This equation defines the value of kX st which the
transition from the original to the modified Griffith's

theory occurs in a material in which y < 1,00,

For values of k which are larger than that defined by
equation (38), equations (68) and (69) are applicable to the

prediction of fracture initiation.

For values of k smaller than that defined by equation
(38), the original Griffith's theory must be used %o prediect
fracture initiation.

Equation (65) defines the stress conditions for fracture
initiation, according to the original Griffith's theory,

in terms of the uniaxial tensile strength ¢ However,

tp’
equation (67), which predicts fracture initiation from an
open crack in terms of the lowest uniaxial compressive

strength op? is not valid for cracks which are initially

closed and which open when Tyy < 0.

The relationship between the lowest uniaxial compressive
and tensile strengths for a rock containing initially closed

eracks is defined by equation (h42):

- hctp

Ucp = 2 ¥ 28 D2 0B ST NG VRS {he)

Substituting this relationship into equation (65):

°1 Jl + Be -} ( )
. .. (70
“ep J2 [(l+k2)-(l—k2){.‘.os 29} - [( 1+k)~(1~k)Cos 2y]
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Figure 37 illustrates the relationship between the
stress reguired to initiate fracture and the inclination
y of an initially closed primary crack which has a coeffie
cient of internal friction y = 0.5, In this figure, the
curves for k < - 0.236, the limit of validity for p = 0.5
from equation (38), have been calculated from equation (69)
while, for k < = 0,236, the curves have been calculated

from equation (70).

14.1.3 Fracture initiation from secondary eracks

In this analysis, it has been assumed that the secondary
crack system in slate consists of a randomly oriented
matrix of grain boundary cracks. Fracture initiation fromn
these cracks can be predicted by either the original or the
modified Griffith's theory, depending upon whether the
cracks are open or closed, and these crack systems will not
exhibit any directional effects, i.e. fracture is assumed
to initiate from critically oriented cracks within the

random matrix,.

Fracture initiation from secondary cracks will occur
when the tensile stresses at the tips of the critically
oriented cracks exceed the tensile stresses at the tips of
the longer preferentially oriented primary cracks. The
stress level at whieh this transition occurs depends upon
the relative lengths of the secondary and primary cracks

and must be determined experimentally,

From equations (67) and (69), it can be deduced that
compressive fracture initiation cannot occur from primary
cracks which are inclined at ¢ = 0° or v = 90°, Hence
the stresses required to initiate fracture from the
secondary cracks can be determined from compressive tests

on specimens parallel to or normal to the bedding planes.

1h,1.4 Experimental study of the fracture of slate

The results of triaxial compression and tension tests
carried out on EX specimens of slate, obtained from a

quarry near Pretoria, are listed in Table III.

In order to determine whether the primary and secondary



106,

TABLE IIT

FRACTURE DATA TOR A SOUTH AFRICAN SLATE

UNIAXTIAL TENSILE TESTS

(a) Tensile strength perpendicular to bedding
planes (y = 0°), Opp = 660 and 570 1b/sq. in
average 615 1b/sq. in

{(b) Tensile strength parallel to bedding planes
(¢ = 90°) 0, = 2780 and 3000 1b/sq. in
average 2880 1lb/sq. in.

TRIAXIAL COMPRESSION TESTS

&)
3/ L = klk = 0 (uniexial)| X = 0.113 kK = 0.171
P 9, 1b/sqg. in o 1b/sg. in oy 1b/sq. in
o) 17 600 39 200 55 T00
21 600 36 000 ko 300
15 6 900 18 300 34 200
8 700 30 000 39 000
30 k 500 T 300 8 T30
k 150 - 7 840
Ls 5 540 13 900 15 000
& 560 11 000 16 300
60 11 850 24 600 29 600
11 600 19 Loo 32 400
5 16 000 31 200 41 Loo
16 600 31 900 k2 900
g0 1% 600 30 600 k1 700
16 700 - 39 300
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cracks of this sample of slate are initially open or
closed, some of the results listed in Table III are

plotted as Mohr circles in Figures 38 and 39,

Date for the primary crack system has been obtained
from the lcwest sitrength values included in Table iry,
i.e. compressive strengths for y = 30° and the tensile
strength for ¢ = Oo. Data for the secondary crack system
is obtained from the highest strength values listed in
Table III, i.e. compressive strengths for y = 0° and 90°

and tensile strength for y = 90°

From Figure 38, it is difficult to decide whether
fracture initiation from the primary cracks is more
accurately predicted by the original Griffith's theory or
by the modified Griffith's theory for u = 0.5, From sub-
sequent analysis, presented in Figure 40, it appears that

the modified Griffith's theory is the correct choice,

From Figure 39 it appears that +he secondary crack
behaviour can be adequately predicted by the modified
Griffith's theory, using u = 0,6,

In Figure L0, the strength values listed in Table IIT
are compared with the behaviour predicted by the modifiead
Griffith's theory, assuming that both erack systems are
initially closed and using p = 0.5 for the primary cracks
and 4 = 0,6 for the secondary cracks, For the sake of
clarity, the results for k = 0.113 heve been omitted from
Figure 4O,

1k,1.5 Discussion on the effects of anisotropy

From the agreement between the measured and predicted in-
fluence of bedding plane orientation, illustrated in
Figure 40, it can be concluded that the effects of an~
isotropy can be predicted on the basis of the Griffith
theory*.

The preceding discussion is based upon the essumption

Walsh and Brace35% used Donath's resultsl®® to cheek their
theoretical predlctlons and found similar agreement to that
illustrated in Figure k40,
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that only two distincet crack systems ave present in an
anisotropic material suech as slate. Obviously, these con-
cepts could be extended to cover the case of two or more
major crack systems such as those found in coal which

contains cleats as well as bedding planes.,

An important conclusion which can be drawm from this
discussion is that it is not correct to conclude that g
rock is macroscopically isotropic if its compressive
strength parallel to the bedding planes is the same as
that normal to the bedding planes. This conclusion can
only be reached if no strength reduction is detected on
specimens in which the bedding planes are inelined at
approximately 30° to the major principal compressive stress
direction or if the tensile strength is the same for specimens

parallel to and normal to the bedding planes,

1hk.2 The influence of initially open cracks
upon roeck fracture

In part I of this study it was assumed that cracks in rock are
initially closed and the frictional effects on the erack surfaces
occur as soon as the normal stress cxx acroess the ecrack becomes

compressive,

While, in the author's opinion, this assumption is probably
justified for most hard rocks, it is also possible that some
rocks contain cracks which are initially open and which close at

a eritical value of the normal stress O = Tops

MeClintock and Walsh2%9 considered this as the most general
case and the modified theory reviewed in part I of this study is
a special case obtained from their equations when Oup = 0.

When crack closure occurs at Oy = Ucr’ the net normal com=-
pressive stress g, vwhich is transmitted across the closed crack

illustrated in Figure 2 is given by
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The resulting frictional shear resistance T, is then

T - M (Uxx - Ucr)'

Substituting this value into equation (29)

2n (Oxz T H (Uxx - Ocr))

a = LI A A (Tl)

Following the same procedure as that used in the derivation
of the modified Griffith's fracture criterion for initially closed
cracks (section T of part I}, the critical crack orientation for |
cracks which are initially cpen and which close when Oy = O is

er
found to be

1
Tan 21pc = /}j R EEE R Y] (32)

This equation is identical to that for the initially closed cracks.

The fracture initiation criterion for initially open cracks

which close when o =g is given by
XX er

—hat

Ul = . £ & 8 6 80 e asa (72)
2
s (1-k) - u(14k) + u o

T

Obviously, this equation is only wvalid for Ox ” %er and,

for o . < o_ ., the original Griffith's criterion, equation (24 b)

must be used to predict fracture initistion.

The transition from the original to the modified fracture
eriterion for a material containing initially open cracks can be
determined by following the procedure set out in section 8 of
part I, For the purpose of this discussion it is adequate to

consider this transition in terms of the Mohr fracture envelope.

The egquation to the Mohr envelope, corresponding to the
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_criterion defined by equation (72), is

/

T - U(ﬁxx-‘ccr) ""2Ut LR A I R e N (73)11

The transition from the Mchr envelope defined by equation
{50), for the original Griffith's theory, to that defined by

eguation (73) occurs at ¢ = Oy = Ogpe

In discussing McClintock and Walsh's modification to
Griffith's theory, Brace®? suggests that a rough measure of the
critical stress 9,, CBD be obtained from the axial stress-strain
curve for a rock specimen. The application of this suggestion
is illustrated by means of the hypothetical example given in
Figures 41 and k2.

A material containing initially open cracks which close when
Yex = Yop will give the type of axial stress=strain curve illus-
trated in Figure 4l. The slope of the curve will graduslly ine
crease as the cracks close and the stiffness of the specimen

inereeses.,

An approximate measure of . is given by the stress level at
#
which the axial stress-strain curve becomes linear .

The Mohr fracture envelope for a material with initially
open cracks which close when Ox = Top is illustrated in
Figure 42 and it will be noted that, theoretically, a sudden

change in the slope of the envelope occurs at O = Top®

The above discussion, inecluded primarily for the sake of
completeness, has been dealt with rather superficially since, in
the author's experience on the behaviour of hard rocks, stresse
strain behaviour such as that illustrated in Figure 41l is con-
sidered the exception rather than the rule. In most hard rocks,
Iy is sufficiently close to zero for it to be neglected without

introducing any significant error,

Since the cracks close sequentially according to their orienta-
tion, this assumption is obviously an oversimplification., How-
ever, the detailed analysis of the effects of crack closure
upon the stressw-strain behaviour of rock, discussed in recent
publications by Brace383 and Walsh386, 387 exceeds the scope
of this study and the above assumption is accepted as suffi=-
ciently accurate for the purposes of the present discussion.
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14,3 The influence of pore pressure upon
rock fracture

In many underground situations, the rock is sudbjected to fairly
high fluid pressure from water which has entered the ares through
fissures and faults, If sufficient time has been allowed for
this water to permeate the rock, the internal pressure acting on
the crack surfaces within the rock can have a gsignificant in-
fluence upon the fracture behaviour of the rockﬁ. It is interw
esting to consider to what extent this influence can be predicted

on the basis of the Griffith's fracture theory.

In discussing the effects of pore pressure, McClintock and
Walsh2%® assumed that the crack is acted upon by the stress
system illustrated in Figure U43.

Considering the case of an initiaslly closed crack of unit
area subjected to an internal pressure P which forces the crack

open over a central ares AO.

The average normal stress En ecross the c¢rack is related %o

the normal stress Un and the pressure P by the following equation.

al
]

[a]
I

0 <% (1 - AO) Gt AP ceieiieae (Th).

Note that, since the crack is assumed to be initially closed,
the critical stress Oy required to close the crack is zero and

hence ¢ 5 0 .
XX n

The average frietional shear resistance ?n which must be
overcome before sliding of the crack surfaces can occur is given

by
T = (l - AO) Tn = (l - Ao)'[.l Un TR ENE (75)

From egquations {(TL4) and (75)

In this discussion it is assumed that the presence of water
does not influence the strength of rock unless it is under
pressure. The difference between the strength of wet and
dry rock will be discussed in section 14.L4 of this study.
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A
!
=

n = (uXx - A P) veveeernneseae (T6)

Using the same argument as presented 1in section T of part I,

the net shear stress which is effective in inducing the tensile

stress at the crack tip is now

Txz ~ ¥ (Uxx - Ao P).

Substituting this value into equation (29):

2n (sz -y (Uxx - Ao P))
s. = ceesreenss {TT)

Note that this equation is identical to equation (T1) if AP is
substituted for Oyt Hence, by analogy with the sargument
presented in section 14,2, the fracture initiation criterion for
an initially closed crack, subjected to an internal pressure P,

can be written as

- hct

l =
J1+u® (1-k) - u(1+k) + AP

The corresponding Mohr envelope ig defined by

I T R EE A E YRR 678Y

a

T B H (0 — AOP) nd Edt NN NN NN NN E RN R (79)

Obviously, equations (78) and (79) are only valid when

o > A P,
XX o]

For smaller values of G, 2 the original Griffith's theory
must be used but this theory must be modified to allow for the

effects of the pressure P.

When the normal stress Oy is smaller than the pressure P,

the crack will be forced completely open, 1.e. Ao + 1. Under
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these conditions, there will be no frictional effects on the
erack surfaces but the normal stress oxx acting across the ecrack

will now become (Gxx - P

Following the same procedure as that outlined in part I,
the fracture criterion can be expressed in the form of a Mohr

envelope defined by the following equation
T = h‘ot (ot“ (U"'P)) 8 0 4 as g se e e (80)

The transition from equation (80) to equation (79) depends
upon the value of AO. In the case of porous materials such as
limestone and sandstone, it can be anticipated that the whole
crack will be open i.e. A, > 1. Under these conditions the
transition will occur at o = P, The fracture behaviour of the
material will be governed by the same equations as Tor the material
without pore pressure except that the effective stress (o - P)

must be used instead of the normal stress o,

A recent survey on the effects of pore pressure on rock
fracture confirms that the concept of an "effective" stress, as
defined above, is generally accepted as the most relisble basis
for the prediction of the effects of pore pressure on the fracture

of porous rocks,

In the case of very dense rocks in which the cracks can be
expected to remain almost completely closed except at very high
pore pressures, equations (78) and (79) show that, under triaxial
compressive stress conditions, for Ao »+ 0 the rock strength will

be almost independent of pore pressure,

1k.k The effect of environment upon rock fracture

The fracture theory, reviewed in part I of this study, postulates
that rock fracture is dependent upon two basic material constants =
the molecular cohesive strength and the coefficient of internal

friction, In considering whether it is justified to accept these

&
NICOLYASEN, 0. The note of fluid pressure in the failure of
of_rock and other porous media. Unpublished report, Bernard
Price Institute of Geophysical Research, July 1955: -
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parameters as constants, it is necessary to consider to what
extent they may be influenced by the temperature and humidity

environment of the specimen,

Available literature contains virtually no information on the
influence of temperature on the strength of rock. Although it
can be anticipated that the molecular cohesive strength may be
temperature sensitive, it is unlikely that the resulting change
in strength would be significant within the normal range of

temperatures encountered in practical rock mechanics problems,

In the author's opinion, the influence of temperature upon
the strength of rock would only become significant at very low
temperatures, when an effect similar fto low temperature brittlew
ness in steel may occur, and at very high temperatures when the
melting point of certain constituents is approached. It must be
emphasised that these are purely opinions and are not based upon

any experimental evidence.

The influence of moisture upon the strength of rock has been
dealt with in a recent paper by Colback and Wiig83, In contrast
to previous workers, who have tended to regard the influence of
moisture as unimportant, these authors found that the moisture

content of a specimen has a pronounced influence upon its strength.

The Mohr envelopes for a guartzitic shale, under "wet" and
"dry" conditions, are reproduced, from Colback and Wiid's paper,
in Figure bk, This particular material was found to have a mean
"dry"% strength of 30 900 1b/sq. in and a mean Met strength
of 17 100 1b/sq. in. The same ratio of strengths was found in

the case of a quartzitic sandstone.

Examination of Figure 44 shows that the Mohr envelopes are
very nearly parallel and this implies that the coefficient of
internal friction u is not significantly influenced by the
moisture content of the specimen. This in turn suggests that
the molecular cohesive strength o (from equation (23) of part I)

ig molsture sensitive.

Dried oven calcium chloride for 120 days
# %
Submerged in water for 120 days.
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According to Orowan?8®, the molecular cohesion of & solid is

related to its surface energy by equation (1) (page 4 of part I):

[¢] = ——— LI R A R (l)

Since it is unlikely that the Young's modulus E or the atomic
plane spacing & would be moisture sensitive, the change in
strength must be attributed to a change in the surface energy vy

with changing moisture content,

Strong evidence in support of this conclusion is presented
in Figure 45 which is reproduced from Colback and Wiid's paper.
In this figure, the uniaxial compressive strengths of guartzitie
sandstone specimens are plotted against the surface tension (sur=
face energy) of the liquids in which these specimens were immersed,
The resulting curve clearly illustrates the reduction in the
strength of the rock with increasing surface tension of the
immersion liquid and it can be concluded that this effect is due

to a reduction in the surface energy of the roeck.

From the results presented by Colback and Wiid it must be
concluded that the strength of rock can only be adequately defined
if the moisture content of the specimen or the relative humidity
of the environment can be specified, The influence of moisture
can only be neglected if tests on "wet" and "dry" specimens show

no significant strength difference.

In the case of materials such as coal, the influence of
moisture* is regarded as so important that the GCSIR currently
conducts triaxial tests on coal in the mctual working area in
order that the specimens need not be removed from their environe~

ment.

14,5 The influence of rate of loading upon
rock fracture

In spite of the fact that most rock mechanics workers acknowledge

*

Apart from the well known weathering characteristics
of cosl,.
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that the properties of rock are time-dependent, this aspect of
rock behaviour is probably the least understood of all rock

mechanics phenomena.,

This ignorance is due primarily to the difficulties of
accurate measurement at very high rates of loading or, at the
other extreme, over long periods of time. In addition, the
scatter in results which can be obtained in tests at various rates

of loading makes meaningful analysis very difficult.

The quartzitic shale used by Colback and Wiid for their
gstudies on moisture content was also used, by the author, for
time-dependent fracture studies. A constant load was applied to
the specimen, under constant temperature and humidity conditions,
and it was found that, if the load was high enough, the specimen
would fail after some period of time had elapsed. However, at =
given load level, this time could vary from two minutes to two
weeks, Obviously, the determination of a statistically signifie-
cant time-dependent strength relationship for such a material
would require the testing of an impossibly large population of

specimens.

It is believed that the properties of rock must be studied

under three distinct loading rate conditions:

(&) Under conditions in which the total load is applied
within a few milliseconds such as in percussive

drilling or blasting.

(b) Under conditions in which the total load is applied
over a period of a few minutes as in normal laboratory
testing,

(¢) Under conditions in which the total load is main-
tained for a long period, perhaps years, as in

normal mining situations.

The meager experimental evidende which is available suggests
that the strength of hard rock may vary by as much as 20% over
this range of loading rates., However, since the study of the
time-dependent behaviouy of rock represents a research field in
itqelf, the only logical approach which can be adopted at present

is to use a standard loading rate in all laboratory testing
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in the hope that, in time, these results can be correlated with

the behaviour at different loading rates.

14.6 Conclusions on the effects of additional factors
upon rock fracture

The discussion presented in the preceding pages shows that the
fracture theory, reviewed in part I of this study, is only appli-
cable to the prediction of rock fracture behaviour if certain

limitations are specified.

(a) The rock should be macroscopically isotropic i.e,
its uniaxial compressive strength should be the
same for compression specimens drilled at 30° to
the bedding planes as it is for those normal or

parallel to the bedding planes.

(b) The inherent cracks should be initially closed, i.e.
the axial stress-strain curve should be linear
from very low stress levels upwards to near the

stress at fracture.

(¢) If the specimen is in contact with a fluid under
pressure, the influence of this pore pressure

should be taken into consideration.

(d) The temperature and humidity conditions under which
the tests are carried out should be specified and
should be as near to in-situ conditions as possible,
The specimens should be stored under controlled
conditions for a period which is sufficient to
allow the moisture content in the specimen to
become stable (depending upon the porosity of the

material).

(e) The rate at which the load is applied to the
specimen should be constant and should be the same

for all specimens tested.

If the material is found to be anisotropic or to have a
non-linear axial stress-strain curve, the test results can be
interpreted in terms of the discussion presented in sections 1k4.1
and 14,2 of this study.
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Practical experience has shown that, provided the above
factors are taken into account in the interpretation of the results
of laboratory tests on rock properties, the amount of experimental
scatter normally associated with rock fracture studies can be
reduced to a minimum., The application of these results to the
analysis of practical rock fracture problems will be considered in
part III of this study.
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PART TITI =~ THE APPLICATION OF GRIFFITH'S THEORY TO THE
ANALYSIS OF ROCK FRACTURE IN A COMPLEX STRESS FIELD

The considerations presented in parts I and II of this study
are concerned with the fracture behaviour of single cracks and of
small laboratory specimens in whieh the stress field is assuned to
be uniform. Unless it can be demonstrated that this work is
applicable to the analysis of fracture in complex stress fTields
such as those which occur around mining excavations, its value

will be limited to that of an interesting acaedemic exercise.

The detailed analysis of the fracture of the material
surrounding a circular excavation in a plate model, presented in
the following sections, is an attempt to evaluate the potential and
the problems ianvolved in applying Griffith's theory to the predic-

tion of rock fracture in a complex stress field.

15. FRACTURE OF THE MATERIAL AROUND A GIRCULAR HOLE

15.1 The stress distribution around a circular hole

The stress distribution around a circular hole was calculated by
Kirsch?22® gnd his equations for the radial, tangential and shear
stress are listed in Figure L6, From these equations it is clear
that the maximum uniaxial tensile ang compressive stress occur om
the hole boundary, on the vertical and horizontal dismeters (at

o = o° and 900). The variation of these stresses, for various

applied stress ratios (Q/P) is illustrated in Figure 47,

Since the uniaxial tensile strength of hard rock is usually
approximately one tenth of the uniaxial compressive strength (see
Figure 11), it can be anticipated that tensile fracture will occur
in the roof and floor of the circular excavation for applied stress
ratios of Q/P < 0.25. For Q/P > 0.25, fracture will initiate as
& result of the uniaxial compressive stress in the sidewalls of

the excavation,

15.2 UTensile fracture of the roof and floor of a
circular excavation

In order to study the initiation and propagation of tensile frac—
ture in the roof and floor of a circular excavation, a photo-

elastic study was carried out in which the cracks were simulated
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by means of fine saw cuts in Columbia resin (CR 39) models. These
models were subjected to biaxial compressive loads and the photo-
elastic patterns studied in the 12 inch diameter lens polariscope

illustrated in Figure L8,

The propagation of the roof and floor cracks was simulated by
extending the saw cuts in the models. A detailed study of the

stresses around the crack tip revealed the following behaviour:

For very short cracks, the tensile stress at the crack tip was
several times higher than that which existed on the boundary of the
hole before the crack was initiated. As the crack length in-
creased, the tensile stress at the crack tip decreased. The rate
of decrease with increasing crack length was found to depend upon
the applied stress ratio Q/P.

At a certain crack length, the stress at the crack tip became
zero and further extension of the simulated crack resulted in the
stress at the tip becoming compressive. Assuming that crack
propagation would cease when the stress at the crack tip becomes
zero, it was concluded that cracks of a certain length, depending
upon the applied stress ratio Q/P, would form and would not pro-

ragate further.

The photoelastic analysis described above suffered from
several disadvantages; the most serious being the finite radius
of the simulated crack tip. Consequently it was decided to use
models of brittle materials which could be induced to fracture
under high loads.,

Glass plate models, 5 inches square by } inch thick con-

taining § inch diameter central circular holes, were loaded in a
30 ton biaxial loading frame. This frame, loaded by means of two
hand operated hydraulic Jacks, was much less sophisticated than
the biaxial loading machine described in Appendix III, but was

found to be adequate for this type of study.

An isochromatic pattern in a glass plate model, in which
tensile cracks have been induced, is illustrated in Figure 49,
This particular photograph was taken at an applied vertical stress
P of 30 000 1b/sq. in and at an applied stress ratio of Q/P = 0,166.

The apparent width of the crack is due to reflections from the
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FIGURE 48

Photoelastic polariscope used for studies
of fracture propagation
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FIGURE 49

Photoelastic isochromatics in a glass
plate containing a circular hole from
which tensile cracks have propagated
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crack surface.

As anticipated from the earlier photoelastic study, the stable
crack length was found to be relsted to the applied stress ratio
Q/
P

i This relationship, determined experimentally from the glass

models, is illustrated in Figure 50.

In order to verify that the same behaviour occurs in hard
rock, models were prepared from fine grained quartzite and loaded
in the same way as the glass models. The results of these tests

are included in Figure 50,

From the consistency of the results presented in Figure 50 it
can be concluded that the cracks which form in the roof and floor
of a circular excavation in a biaxial stress field, where
Q/P < 0.33, will propagate to a length which depends upon the
applied stress ratio. These tests showed that, once the crack had
reached the length indicated in Figure 50, no further propagation
would occur, even if the applied stress level was increased to

several times the level at which fracture had initiated.

15.3 Failure initiation from the sidewalls of a
circular excavation

Practical experience suggests that the most serious type of fracture
which occurs around mining excavations is that which initiates in
the compressive stress zones in the sidewalls. In order to study
this type of fracture, it was decided to use rock plafe models
which could be loaded to destruction. The details of the plate

model are given in Figure 51.

15.3.,1 Model material

The material chosen for these model studies was a highly
silicious fine-grained granite aplite which occurs in the
mines of the central Witwatersrand of South Africa and

which is known locally as chert dyke.

This material was chosen because it is free from major
geological features such as bedding planes and because
its behaviour is a close approximation to that of an ideal
isotropic elastic solid. A typical stress-strain curve

for this material is illustrated in Figure 52,
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The triaxial fracture data for chert dyke material is
presented, as a Mohr fracture diagram, in Figure 53. The
strength values used in constructing this Mohr diagram are
listed in Table 1IV. In addition to results obtained by the
CSIR, this fracture data includes the results of tests
carried out by Professor W.M. Brace of Massachusetts
Institute of Technology's Department of Geology and
GeoPhysics*.

In fitting the fracture envelope to the Mohr circles
shown in Figure 53, the theoretical considerations discussed
in part I of this study were only used as a guidej; the actual
fitting was done statistically**. The relationships between
the major principal stress o, and the principal stress ratio k
(Figure 54) and the critical crack orientation ¥, and the
principal stress ratio k Figure 55) were determined graphically

from the Mohr fracture envelope,

Note that the curves presented in Figures 53 to 55,
representing the behaviour of & real material, bear a striking
resemblance to the corresponding theoretical curves given in
Figures 9, 4 and 3.

The average properties of the chert dyke material used in
** %
this model study are summarised below .

Uniaxial tensile strength 0y = 5 000 1b/sq. in
Uniaxial compressive strength g, = 85 000 1b/sq. in
12 x 10§ lb/8sq. in

0.2

Approximate coefficient of
internal friction u = 1,08

Young's modulus E

Poisson's ratio v

i

Details of the specimens and apparatus used by Professor Brace
for griaxial testing of rock are given in a recent publicae=
tion®2,

PRETORIUS, J.P.G. Unpublished CSIR internal report, 1965;
The technique used is to fit a general parabola to the g

vs
o, Plot by the method of least squares and then to trans}orm
tﬁis curve into a Mohr envelope. (cf. reference 18),

* %

» %%
This data is more complete than that used by the author in =a

paper published in 196L4!%% and the study of the fracture of the
material around a circular hole presented in the following
sections is based upon the data presented in Figures 53 to 554
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FIGURE 54

Relationship between major principal
stress and principal stress ratio at fracture
for chert dyke material
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for chert dyke material
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TABLE IV

TRIAXTAL FRACTURE DATA FOR CHERT DYKE MATERIAL

Major Principal Minor Principal Tested by
Stress ol Stress 03
lb/sq. in, 1b/eg. in.

0 =5050 CSIR

330 -3120 CSIR

L60 -4320 CSIR

28 600 -1900 MIT
88 600 0 CSIR
82 100 0 CSIR
86 000 0 CSIR
80 800 0 CSIR
84 000 0 CSIR
8% 200 0 CSIR
87 600 0 MIT
89 000 0 MIT
118 000 11 300 MIT
118 000 11 300 MIT
156 700 8 400 CSIR
169 k400 9 100 CSIR
178 900 9 500 CSIR
185 000 9 800 CSIR
186 900 9 100 CSIR
195 000 10 300 CSIR
224 000 21 000 MIT
264 000 35 000 MIT
333 000 41 600 MIT
352 000 LT 200 MIT
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15.3.2 Loads applied to the model

A theoretical consideration of the virgin stress which can
cceur in .rock which is free from tectonic forees®? suggests
that the horizontal stress may be of the order of one quarter
of the verticael stress, depending upon the Poisson's ratio

of the material and the degree of horizontal restraint

imposed by the surrounding rock.

Under these applied stress conditions, tensile fracture
of the roof and floor of excavations suc¢h as haulages can be
anticipated. Consequently, in planning this model study, it
was considered necessary to apply stresses which would induce
this tensile fracture. Practical considerations finally
lead to the choice of a ratio of lateral to vertical applied
stress (Q/P in Figure S1)} of 0.15.

Since no facilities were available for the application of
stress or restraint normal to the model surface approximately

plane stress conditions existed in the models3%0,

In analysing the fraeture of the material around the
circular hole in the model, it is necessary %o compare this
frecture behaviour with that which would occur under plane
strain conditions which are likely to exist in the rock

surrounding an underground excavation.

15.3.3 Fracture under plane stress and plane
strain conditions

Under plane stress conditions, the stress normal to the plate
surface oy is zero and hence the minor principal stress in the

model plane cq is only algebraically smallest of the three

principal stresses when it is tensile {negative). Hence
o, = 0 = 04 when Gq > 0Oy aq = P
C, = 0 = Uo when Oq < 03 oq = Uge

Since fracture is dependent upon the algebraically
greatest and smallest of the three principal stresses, oy and
03 respectively, fracture in a model under plane stress con-

ditions will occur as a result of the stresses cp and cq in



k2,

the model plane where Oy il In regions where Gq ¥ Oy
fracture will occur as a result of the uniaxial compressive
stress conditions ¢_ = 0,, o_ = 0.

P 1 n

Under plane strain conditions, which can be assumed to
occur in the material surrounding a long horizontal excavation
such as a haulage, the strain parallel to the axis of the
excavation is zero, i.e. Ee B O The induced stress normal
to the model plane g is then dependent upon the principal

stresses cp and oq in the model plane:

g = o (G I ) AE Sk e e pe e e L EEL

Oq %
(o = g when _—= ) e 00 0 8 e (82)
1 3 Up l-v

Substituting v = 0.21 (from Figure 52) into equation (82):

o]

¢ = when q/cp < 0.26

a %3
From Figure 54, fracture of this material can only occur
o
for q/cp = k < 0.15 hence, for this particular material under
plane strain conditions, fracture will not be influenced by

*
the stress o which is parallel to the hole axis .

15.4 Fracture analysis

The steps involved in the analysis of fracture in the material

surrounding a circular excavation were as follows:

(a) The principal stresses G and cq, the principal stress
g
ratio q/cP and the principal stress directions in
the material surrounding a circular hole in a plate

subjected to a vertical applied stress P and a

* .
The possibility of inducing plane strain conditions in models
is discussed in Appendix III.
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lateral applied stress Q = 0.15 P were calculated

by means of the equations presented in Figure 46,
g
(b) From the principal stress ratio q/cp distribution

and the fracture locus presented in Figure Sh, the
magnitude of the major principal stress cp =0,
required to initiate fracture at any point in the

*
model was determined .

(c) Division of this value of o, by the stress concentra-
tion factor Ul/P at that point gave the value of the
vertical applied stress P which was required to
initiate fracture at that point in the model. This
value of P was expressed in multiples of the uniaxial

compressive strength 0, of the material,

(d) From the principal stress trajectories and the
critical crack orientations wc' from Figure 55, the
distribution of critical crack orientations in the

model was established.

(e) From the distribution of the vertical applied stress P
required to initiate fracture and the critical crack
orientations wc in the model, the most likely fracture

path in the material surrounding the hole was established.

(f) This fracture path was cut into a plastic photoelastic
model by means of & fine saw and the redistribution
of stress associated with this simulated fracture
propagation was analysed photoelastically. Separation
of the principal stresses was carried out by means of

the conducting paper analogy described in Appendix V,

(g) Having established the stress distribution and the
principal stress trajectories for the new excavation
geometry, the entire fracture analysis as described

above was repeated.

The complete analysis of fracture initiation and propagation
in the rock surrounding a circular hole is presented in Figures 56
to 61.

i 2
This analysis was done for both plane stress and plane

strain conditions,
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FIGURE 56

Distribution of principal stresses and principal
stress trajectories in the material surrouanding
an unfractured hole
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CONTOURS OF VERTICAL APPLIED
S TRESS (P/o.) REQUIRED FOR
fRACTURE AROUND HOLE UNDER
PLANE STRESS CONDITIONS

CONTOURS OF VERTICAL APPLIED
STRESS (P/0_) REQUIRED FOR
FRACTURE AROUND HOLE UNDER
PLANE STRAIN CONDITIONS

\ \
i 1,5
" ‘
\ \
f—\. b 15&
s 0.9\ { ~ \ 1.0° .0 s
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l’ \-Q.Bo_s 0.5
\ 0, 4
o0
Dotted contours Plaiad 0.1
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| 9°94o.3s 0.35

Critical crack orientation
in this region is at 16° to
the plane of the plate
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CRITICAL CRACK ORIENTATION

(Yo ) WITHIN POTENTIAL FRACTURE
ZONE FOR PLANE STRESS

CRITICAL CRACK ORIENTATION
(Vo) WITHIN POTENTIAL FRACTURE
ZONE FOR PLANE STRAIN

FIGURE 57

Fracture contours and critical crack orientations
in the material surrounding an unfractured hole
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MAJOR PRINCIPAL
STRESS gp/P
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0.2
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0.1 ~T
e
=4 PRINCIPAL STRESS =
TRAJECTORIES
MINOR PRINCIPAL 0:18 i
STRESS ggq/P / et
0.7 |
FIGURE 58

Distribution of principal stresses and principal stress
trajectories in the material surrounding a hole with
roof and floor cracks
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CONTOURS OF VERTICAL APPLIED
STRESS (P/0_.) REQUIRED FOR
FRACTURE UNDER PLANE STRESS

\
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\
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{
1
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%
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FIGURE 59

Fracture contours and critical crack orientations
in the material surrounding a hole with roof and
floor cracks
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MAJOR PRINCIPAL
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FIGURE 60

Distribution of principal stresses and principal stress
trajectories in the material surrounding a hole with
roof und floor cracks and sidewall fracture
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FIGURE 61

Fracture contours and critical crack orientations
in the material surrounding a hole with roof and
floor cracks and sidewall fracture
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ROCK MODEL

PHOTOELASTIC LAYER

CIRCULAR ROLARIZERS

MONOCHROMATIC
FILTER

CAMERA

GENERAL RADIO STROBOTAC

FIGURE 62

Arrangement for photography of photoelastic
patterns during fracture of a rock plate
model
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15,5 Experimental study of fracture around
& circular hole

The chert dyke plate model, illustrated in Figure 51, had one face
covered with a layer of photoelastic material, bonded onto the
model face by means of reflective cement%a The photoelastice
pattern induced in the birefringent layer during loading of the
model was photographed by means of the phggographic arrangement

illustrated diagrammatically in Figure 62 ,

An oscillograph camere, fitted with a SO mm Leica Summieron f2
lens, was run at a film speed of approximately 5 inches per second.
A General Radio Strobotac was set to flash at 5 flashes per second
at maximum flash intensity (2-3 microsecond flash duration).

Since the camera shutter was kept open and the experiment was
carried out in a darkened room, the film recorded the photoelastic
fringe patterns at 1/5 secona intervals and the flash duration was
sufficiently short to prevent blurring of the image due to movement

of the film and propagation of the fracture.

A number of photographs, selected from the film exposed in one

such experiment, are reproduced in Figure 63.

These photoelastic patterns were used to give a gqualitative
indication of fracture initiation and propagetion in the model.
This information is compared with the predicted behaviour, illus-

trated in Figures 56 to 61 in the following section.

Ideally, the information contained in the photographs repro~
duced in Figure 63 should have been used for the fracture analysis.
However, separation of the principal siresses from these maximum
shear strain contours represents a formidable experimental task

which was not considered justified for this study.

15,6 Comparison of predicted and observed fracture in
the material surrounding a circular hole

15.6.1 Tensile fracture in the roof and floor

The theoretical fracture contours presented in Figure 57 show

Commercially available Budd Photostress type S material,
1 millimeter thick, and Budd reflective epoxy cement was used

for this study.
# %
General Radio Handbook of High Speed Photography page 36,
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P/ o, =0,30 ‘P/ca = 0,35

P/ex = 0. 38 P/fc = 0,40

P/&.= 0, 42 Failure

FIGURE 63

Fracture propagation in the rock surrounding
a circular hole in a plate model subjected to

biaxial loading
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that fracture of the roof and floor of the excavation should
occur when the vertical applied stress P/cC = 0,11, In
the chert dyke model, fracture at these points occurred at

P/Gc = 1.07, i.e. approximately 3% lower than predicted.

From the critical crack orientations shown in Figure 57,
it can be anticipated that the roof and floor cracks will
propagate along the vertical axis of symmetry of the model
and the photoelastic patterns, reproduced in Figure 63, show
this to be the case,

Note that, having formed, these roof and floor cracks
show no tendency to propagate until complete failure of the
model occurs., The stable crack length (from Figure 63) is
found to be approximately 0.3 times the diameter of the hole
as compared with 0.6 predicted from Figure 50. This
discrepancy is attributed to the reinforcing effect of the

photoelastic layer.

15.6.2 Fracture remote from the boundary of the opening

One of the most important consequences of the formation of
the roof and floor cracks is the redistribution of stress
which occurs in the material adjacent to the cracks.
Particularly important is the isolated zone of tensile stress
which is shown in Figure 58,

Figure 59 shows that fracture initiation in this zone,
remote from the boundary of the excavation, can be expected
to occur at P/oc = 0.6,

Figure 63 shows that fracture has initiated one of the
four points, where fracture can be anticipated, at P/oc = 0.30
and that, at P/oc = 0.38, fracture is well developed in

two of these regions.

While the qualitative agreement between the predicted
and observed fracture initiation in the material remote from
the hole boundary is remarkable, the early onset of failure
is difficult to explain. It is believed that this discrep=-
ancy is due primarily to the inherent variation in the tensile

strength of the material. The presence of a longer than
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average "Griffith crack" within an isolated region of tensile
stress can exert a significant influence upon the fracture

behaviour in that region.

In contrast to the roof and floor cracks which do not
propagate beyond their initial stable length, the failure
remote from the hole boundary propagates with increasing
stress level. The direction of fracture propagation is
in good egreement with the critical crack orientations

gshown in Figure 59.

15.6.3 Fracture of the sidewalls of the circular opening

The fracture contours presented in Figure 59 show that fracture
of the sidewalls of the circular opening can be anticipated at
P/cc = 0O.k2, The photoelastic patterns reproduced in

Figure 63 reveal that fracture of one sidewall occurred at

P/Uc = 0.40 while the other sidewall appears to be protected
by the cracks remote from the boundary.

In analysing this fracture, it was assumed that the
material within a wedge shaped region in the sidewall would
be completely crushed and would not carry any stress.

The shape of this wedge shaped region was determined from
the critical crack orientations in this region (Figure 59)

and from observations from previous model studies (Figure 64),

The photoelastic analysis of the stress distribution in
a model with roof and floor cracks and sidewall fracture gave
the results illustrated in Figure 60, A feature of these
results is the further increase in the tensile stress in the

region remote from the excavation boundary.

As a result of the sharp point formed by the wedge of
fractured material in the sidewall, the stress concentration
in this region rises sharply. The fracture contours plotted
in Figure 61 show that the vertical applied stress required
to propagate this fracture is P/cc = 0.2, Since fracture
in the sidewall initiated at P/oc = 0.4, the increased
stress concentration results in an unstable condition in

which the fracture will propagate without any further
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FIGURE 64

Fracture in the raof and floor and sidewalls
of a circular hole in a rock plate model
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%
increase in applied stress .

In deciding upon the direction in which this fracture
is liable to propagate the large zone of potential weakness
(P/gc = 0.3) running parallel 4o the vertical axis of
symmetry of the model (Figure 61) must be compared with the
very high stress gradient along the horizontal axis of
symmetry. Vertical rather than horizontal fracture propaga-
tion must be favoured because of the greater probability of
having favourably oriented cracks in the larger volume of
material, The presence of a fairly high horizontal tensile
stress in this region (Figure 60) must also favour vertical

fracture propagation.

Figure 63 shows that an abrupt change in the direction
of fracture propagation occurred at P/cc = 0.k4k2, As
anticipated from the preceding discussion, the direction of

fracture propagation is vertical rather than horizontal.

Considerable violence accompanied this final unstable
fracture process and the final photograph in the series, taken
1/5 second after that at P/cc = 0,42, shows the model in

the process of complete disintegration.

15,7 Discussion on the fracture of the material
around s circular hole

The analysis presented in the preceding sections shows that the
initiation and propagation of rock fraecture in a complex stress
field can be predicted if sufficient information on the fracture
mechanism of the rock material and on the stress redistribution

associated with fracture propagation is available.

A study of the predicted and observed fracture behaviour in
the rock surrounding the circular hole reveals that fracture
initiation and propagaetion occurs in regions in which the minor
principal stress is either zero or tensile (03 £ 0). Since

Griffith's fracture theory offers a reliable basis for the

The assumption that the material in the failed region is
incapable of supporting any stress may be an oversimplification
of actuel conditions388 .
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prediction of rock fracture under these stress conditions, it
becomes an important tool in the analysis of rock fracture

phenomena in complex stress fields,

A feature of the fracture analy51s presented in Flgures 56 to
61 is the significant redistribution of gtress which is associated
with fracture propagation. These changes in the stress distribu-
tion are such that prediction of the final fracture pattern from
the initial stress distribution in the unfractured material is not
possible, Consequently, an understanding of rock fracture
phenomena in complex stress fields requires a knowledge of the

complete stress distribution at each stage in the fracture process,

Since the fracture mechanism of hard rock is governed by the
ratio of the principal stresses acting upen the elemeﬁt under ¢of=
gideration, it is necessary to know the distribution of the indie
vidual principal stresses throughout the rock body. This require=
ment represents a major difficulty in the analysis of rock fracture
problems since currently available techniques for the determination

of individual principal stresses are difficult and time consumihg,

The technique adopted by the euthor in this study suffers
from the additional disadvantage that the boundary conditions must
be drastically oversimplified in order to permit the application
@f the conducting paper analogy. Hence any load carrying capsdcity
of the fractured meterial must be neglected and this may result in

serious errors in the prediction of the final fracture pattern.

Ideally, the photoelastic patterns illustrated in Figure 63
could be used for the fracture analysis but, since the rock
fracture mechanism bears no direct relationship to the maximum
shear strain distribution in the materjal, this analysis would
present formadible experimental difficulties.

It is evident that the analysis of rock fracture problems in
mining and civil engineering will only be practical if the
techniques adopted in this study can be considerably simplified.
This simplification can only be successfully done if the basic
mechanism governing rock fracture is adequately understood and it
is believed that the Griffith's theory, reviewed in part I of

this study, provides the basis for this understanding.
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Model study techniques possess considerable potential for the
study of rock fracture phenomena since, provided that the simili-
tude requirements are adequately fulfilled, the need for knowing
the stress distribution associated with each stage of the fracture
process is obviated., Provided that the model simulates the
fracture process in the prototype, it is only necessary to study
the fracture process in the model in order to predict the behaviour
of the prototype. This argument is used to Justify most of the
fracture model work currently being undertaken'26, 135, 213, 390
but a serious danger associated with this approach is the tendency
to oversimplify the similitude requirements, Unfortunately,
experiments which are designed 46 check the validity of model
study technigues are difficult and expensive but such experiments
are essential if model studies are to be developed as a reliable

design tool.
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159.

CONCLUSIONS

It has been shown that Griffith's theory of brittle fracture,
modified to account for the effects of crack closure in compres=
sion, provides a reliable basis for the prediction of fracture in

herd rock under static stress conditions.

Additional factors such as anisotropy, pore presgsure and
environment can exert a significant influence on rock strength
but, provided that these factors are taken into account in the
interpretation of rock fracture data, their influence can be

explained on the basis of the Griffith's theory.

The Griffith's theory is particularly useful in the analysis
of rock fracture in a complex stress field since it defines
fracture behaviour under conditions in which the minor principal
stress is tensile or zero. The study of fracture initiation and
propagation in the rock surrounding a circular hole in a biaxial
stress field has shown that the entire fracture process 1sg

associated with these stress conditions.

The redistribution of stress which occurs as a result of
fracture propagation in a complex stress field has been shown to
be a problem of major importance in the understanding of rock
fracture phenomena. It is concluded that the successful analysis
of practical rock fracture problems will depend upon the develope
ment of experimental techniques, particularly model studies, which

can incorporate the effects of this stress redistribution.

=== 0000000=~~



APPENDIX AL

COMPLETE DERIVATION OF EQUATIONS GOVERNING
FRACTURE INITIATION ACCORDING TO THE ORIGINAL

GRIFFITH'S THEORIES

The tangential stress o on the boundary of

an elliptical

crack, due to the application of the stresses T and Tyy shown in
Figure 1, is given by '
2‘30 250
L. (Sinh 2g  *+ e . Cos 2n = 1) + 21, e . 8in 2q
. = «e{15)
n

Cosh 250 - Cos 2p

Series expansion of the hyperbolie and trigonomet

equation gives:

rie terms in this

3 5
(26)%  (2¢)
Sinh 26 = 2& + + + LA
o] o]
3! 51
2 3
2 (2g ) (2g )
e = l+2€o+ + + LN B B B )
21 3!
2 b
(26)%  (2¢)
Cosh 25 = l+ + + LN R O R )
o o1 L1
(i2n)%  (i2m®
Cos 2]’] = COShiQn = 1l + + +* saseas
2! !
. . . 3 p 5
sinh 1 2q 7 (i2n) {iz2n)
Sin 2“ = T ——r—— 22— iEn'[" + + sow
i i ﬁ 3! 54
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Substitution of these expansions into equation (15) and,
since both 3 and n are small at the crack tip, ignoring terms

of the second order and higher which appear in the numerator,
gives:

Oex (285 * (L #26) - 1) + 27 . (1 +2¢ ) 2n

XX
Gn %
(1 + 26 %) - (1= 29%)
. 2(0'xx- gO +* szl n)
n = LR R I A A R R I N (16)
£ 2 » n2

Note that the sign of go does not change and hence the sign of
equation (16) depends upon the sign of n and of the normal

stress o__. When o is compressive (positive), the stress at
the crack tip can only be tensile (negative) when n is negative

>
and when sz' n cxx‘ Eo.

Partial differentiation of equation (16) with respect to n
gives

2 2
Bcn 21, (ED + n°) - 2(UXX.£O + rxz.n) 2n
[ — ==
2
an (go ¥ n2) 2

The maximum and minimum values of Un occur when aan/Bn = 0

hence

Selving for n



Substitution of these values of n into equation (16) gives the

maximum and minimum values of cn, denoted vy ¢ a8

N,

N /2 5 o
4] + g
5 XX Xx + xz
£ 1 +
o)
T
XZ
2 2 2
sz (i\/;xx * sz )
GN-EO =

Note that, from physical reasoning, this eguation can only have two
roots and hence it simplifies %o

2
T
X2
Gyre & =
N "o , 2, )
UXX Txx Txz
2 2% 2 » 2
UJ{X UXX TXZ )UXX A1X TXZ )
G £ =
N"=o . [ B )
Gxx \/Oxx sz
2 2
= % 6 0 % * 9 08 PD O DB RBO S
GN.ED “xx V/Uxx * Ty (17)
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Substituting
Cpgs & 2 ((oy + 03) - (cl - 53) Cos 2y)
T ™ 3 (ol “ 03) Sin 2y

ogete = 3 (og+og) = (o3=03) Cos 24 21 (0)%40,%) = (o)%-0;%) Cos 2

vesveses (18)

40
N
The critical crack orientation ¥, ocecurs when = = (
ay
2 2 s
90 4 -
N z (ol o4 ) 8in 2y

-
o
i

(6, = a,) Sin 2y ¢
S N I
V/% ((oy"%03%)=(0,%=0,")Cos 2y)

3 (cl+c3) E iv/i (012+032) - (012-032) Cos 2y
oy = o5
COS 2wc - S 0480000V BSOROLOORESEDSSTRTD (19)
2 (Ul 4 03)
9
Which is only valid for /ol > w 0433,

Substitute in equation (18)

2 2 2

T R P S

o & = g.+0 - i = o, +0 -

0’0 273 1 3

2(01 & 03) 2(01 + 63)

( )= 30,2 + 10 ¥ By

o, = 04 o) 0,0, 3
o..& =2 - or
o%o
L (cl s 03) L (cl + 03)
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Since it has been postulated that fracture occurs as a result

of the tensile stress at the crack tip, only the negative solution

of the above equation need be considered. Hence
2
-(o, = 63)
O—Q‘EQ = h(a . o ) LR A A I A A X (20)
1 3
’3
which is only valid for /ol > = 0,33,

Fracture under uniaxial tensile stress conditions

Substitute o, = 0 in equation (18)

(o]

aye & = og {% (1 + Cos 2y} = \/% (1 + Cos Qw)} v (21)

Maximum tensile stress occurs at the crack tip when the
bracketted term on the right hand side of equation (21) is a

maximum i.e. when Cos 2y =1 or ¢ = O,
Hence

Uogo = 203 L R A A (22)

Denoting the uniaxial tensile strength of the material by Oy
equation (22) can be written as

Go.go = EUt 8 5 B 8 888 RN (23)
°3
Fracture for /ol < = 0.33
°3
When /crl = ~0,33, Cos 2y = 1 from eguation (19). Substituting

this value into equation (18) gives

o -g = 203 45 0 0 PO N G0N EN S (25)
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Since this is identical with eguation (22), it can be deduced

g
that fracture for 3/01 < » 0.33 occurs when
63 = Ut P2 % 0 o & 4008 e G0 (26)

Expressing equation (20} in terms of the uniaxiel tensile

strength o, from equation (23)

t

Gt = had e ¢ a8 s s 8 g o @0 (21")-
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APPENDIX 1II

APPARATUS FOR THE APPLICATION OF
UNIFORMLY DISTRIBUTED TENSILE LOAD
TO THE EDGES OF PLATE MODELS

The apparatus for applying uniformly distributed uniaxial
tension to the edges of a 6 inch square plate model is illustrated
in Figure Al,

Distribution of the load is achieved by means of a "whipple
tree" arrangement of pin-jointed segments, The eight small
segments which transmit the load onto the model are bonded

onto the model edge with epoxXy resin cement.

The model is loaded and the stress distribution studied
photoelastically in the 12 inch diameter lens polariscope of
the National Mechanical Engineering Research Institute, described
in a 1961 publication by the author!95,



FIGURE A 1

Apparatus for subjecting plate models
to uniaxial tension
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APPENDIX III

APPARATUS FOR SUBJECTING PLATE MODELS TO
UNIFORMLY DISTRIBUTED BIAXIAL COMPRESSION

The apparatus described in this Appendix was designed primar=-
ily for model studies of the type described in Part III of this
study. However, it has also proved useful in the fundamental

fracture studies discuseed in section 12 of Part II.

DESIGN REQUIREMENTS

The basic requirements, upon which the design of this apparatus
was based, are as follows:

(a) The apparatus is required to apply uniformly
distributed loads to the edges of 6 inch square x
% inch thick plate models.

(b) The load distribution should not change with in=
creasing load, even if the deformation of the edge

of the model is fairly severe.

(c) The vertical and horizontal loads should bear & con-
stant ratio to one another throughout the loading

cycle,

(d) Since hard rock models are to be loaded to destruce-
tion, the apparatus should be capable of applying
loads of the order of 100 000 1b.

(e) Provision must be made for load or restraint to
be applied to the faces of the model to prevent

buckling and to induce plane strain conditions.

LOAD DISTRIBUTION MECHANISM

The leced distribution mechanism, which was found to meet most of
the requirements outlined above, involves the use of loading

elements such as that illustrated diagrammatically in Figure A2.

The half inch thick semi-circular segment is attached to the
outer frame by means of eight copper-beryllium leaf springs.

These springs keep the segment in place and restrain it from



LOADING SEGMENT
HAS FREEDOM OF
MOVEMENT IN

DIRECTIONS SHOWN

2 COPPER BERYLLIUM
=7 O\ LEAF SPRiNGS

HARDENED STEEL
LOADING SEGMENT

FIGURE A 2

Basic loading segment used to distribute
load in the bi-axial loading apparatus
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movement in all except the directions indicated on Figure A2,

Eight small segments rest on the edge of the model and
these are loaded through four larger segments. These, in turn
are loaded through two even larger segments which transmit the
load from the largest main segment through which the load is
applied. The complete assembly is illustrated in Figure A3 and
in the photograph reproduced in Figure Ak,

The individual segments, designed photoelastically, are
machined from EN 25 steel, hardened and tempered to an ultimate
strength of approximately 140 000 lb/sq. in. The copper beryl=
lium springs are screwed onto projections on the sides of the
segments as illustrated in Figure Al,

A strip of l/32 inch thick gasket material and a strip of
0.005 inch steel shim are placed between the eight small segments
and the edge of the model. The gasket material compensates for
small irregularities such as particles of grit which find their
way between the loading elements and the model edge. The steel
shim, placed between the gasket material and the model edge,
prevents extrusion of the gasket material from inducing tensile
stresses in the plate edge and thereby causing the model to split
parallel to its faces.

The frame, which carries the four stacks of loading segments,
is split diagonally as illustrated in Figure Ab, Removal of the
eight Allen screws, which hold the two halves together, permits the
model to be rapidly and accurately located in the frame. The
dimensions of the model are slightly greater than the free distance
between the opposite sets of loading segments and hence, when the
frame is reassembled, the model is held in place by the deformed

copper=beryllium springs.

Experience has shown that, even if the model is severely
cracked and deformed, the loading arrangement described above will

maintain & uniform distribution of the load on the model.

PROVISION OF RESTRAINT NORMAL TO THE MODEL PLANE

It is necessary to provide restraint normal tc the model plane in
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Details of biaxial loading frame



FIGURE A 4

Partially dismantled biaxial loading
frame showing details of the load
distribution mechanism
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FIGURE A 5

Principal stress distribution in a plate model
subjected to a vertical applied stress P and a
horizontal applied stress of 0.15 P
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order to

(a) Prevent buckling of the model.

(b) Induce approximately plane strain conditions
in area where both principal stresses in the

model plane are compressive.

Since the first requirement is likely to be automatically
satisfied if the second can be met, only the latter requirement
need be considered in detail. The problems involved and the
possible means of solution are best dealt with by means of a

practical example.

Consider the case of & plate model, containing a central
circular hole, subjected to a vertical applied stress P and a
lateral applied stress 0.15 P. The major and minor principal
stresses in the model plane are defined as UP and 0 respectively
and the principal stress normal to the model plane as o, The
distributions of the principal stresses in the model plane, the
principal stress ratio Uq/oP and the principal stress sum

(cp + cq) are illustrated in Figure AS.

3.1 Fracture under plane stress conditions

Under plane stress conditions the stress normal to the plate sur=-
face g, is zero. Consequently the minor principal stress in the
model plane is only algebraically smallest of the three principal

stresses when it is tensile. Hence

when o < 0,
q

and . = 0 = ¢ when Uq o)

Since, according to the fracture theory postulated in part I
of this study, fracture occurs as a result of the combination of
the principal stresses o, and Uss it follows that, when aq > 0y
fracture will depend on the normal stress S This type of
fracture cannot be regarded as representative of that which occurs

around an underground excavation,
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3.2 Fracture under plane strain conditions

Under plane strain conditions, the thickness of the plate remains

constant.

Hence

and o = v (o + o)

Since the value of Poisson's ratio for most hard rocks is
small, approximately 0.1l5, it will be seen from Figure A5 that -
is not always greater t%an 9q° However, when gy * cq, the
principal stress ratio 3/01 is generally larger than 0.2, From
section 8.5 in part I it can be deduced that hard rocks will not
fracture at such high principal stress ratios and hence the fact
that B * Oy in certain areas is of little practical importance.

When g ® Gq’ Gq = og and fracture will occur as a result

of the stresses in the model plane.

While this deduction is only strictly true for the particular
example considered, experience suggests that it will also be
generally true for most of the models which will be loaded in this

machine,

3.3 Application of stress normal to the model plane

A possible means of achieving the fracture conditions outlined
above is to apply a stress normal to the model plane, Obviously
this stress cannot vary continuously across the model surface and
hence a uniformly distributed stress has to be chosen to satisfy

the requirements of section 3.2.

Suppose that a uniformly distributed normal stress 9. of
0.3 P can be applied to the surface of the model considered ear=-
lier. From Figure A5 it will be seen that AR oq except in

ag
small regions where, in any case, 3/01 > 0.2

On the top and bottom of the hole, GP = 0 and hence
g
Un = 0,3 P = Gl. However since 3/01 = -0'55/0.3 < -0.33,
the tensile fracture of the roof and floor of the excavation will

not be influenced (see section 6.2.4 of Part I).
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From this discussion it can be deduced that, provided care is
exercised in choosing the constant normal stress ou which is
applied to the plate surface, fracture conditions identical to

those which apply under plane strain can be induced in the model.

Application of a uniform hydraulic pressure to the model
surface does not present too many practical difficulties. Some
form of membrane would be required in order to prevent the
hydraulic fluid from entering the model material. The design of
this membrane would present the greatest difficulty since it would
be required to span the excavation and to remain intact during the
fracturing of the model. In addition, since it is desirable to
observe the fracture process in the model, this membrane should be

transparent.

3.4 Application of restraint normal to the model plane

An alternative method for inducing plane strain conditions in the
model is to provide restraint which will prevent the model from
becoming thicker. Obviously it would be very difficult to prevent
the model from beéoming fhinner but, since this can only occur when
one of the principal stresses in the model plane is tensile, no

practical advantage would have been gained if this were achieved.

In order to prevent the model from becoming thicker, very
rigid restraint must be applied normal to the plate surface. It
may be possible to provide sufficient restraint by clamping the
model between two thick sheets of armourplate glass, held in steel
frames and tied together by means of high tensile bolts., In
designing the frame illustrated in Figure AL, space was left for

such & restraining device.

The principal difficulty associated with this type of restrain
is the friction force which would occur between the glass and
model surfaces, It may be possible to minimise these by in-
serting thin sheets of low friction material such as polytetra-
fluroethylene* between the glass plates and the model.

At the time of writing, neither of the methods described in

sections 3.3 or 3.4 have been tried in practice. However, it is

¥ . ; '
Commercially available under the trade names "Teflon™ or

“Flpon".
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felt that the practical difficulties associated with these
techniques will be overcome in time and that a solution to the
problem of inducing conditions equivalent to plane strain in the
model will be found.

T.OAD APPLICATION

The complete loading frame, in which the load distribution frame
described in section 2 of this Appendix is loaded, is illustrated
in Figure A6,

Two vertical and two horizontal jacks apply the load onto the
four main segments of the load distribution arrangement. These
four jacks are held between two S/h inch thick steel rings by
means of high tensile bolts. The entire system is designed to
operate at a maximum hydraulic pressure of 10 000 lv/sq. in., At
this pressure the jacks will each exert s maximum thrust of 100
tons, Since this magnitude of load has not been found necessary
in the model studies carried out to date, a 5 000 1lb/sq. in
variable volume hydraulic pump is used to generate the hydraulic
pressure for the jacks. However, should it prove necessary, a

10 000 1b/sq. in pump is also available.

Four jacks rather than two have been used in order to eliminate
any transfer of load from the vertical to the horizontal system. or
vice versa. The design of the jack cylinder and piston is dig=-
grammatically illustrated in Figure AT.

The main cylinder, the bore of which is ground, is designed
to withstand a maximum hydraulic pressure of 10 000 1b/sq. in,.
In the case o# the horizontal jacks, a secondary cylinder can be
screwed into the main cylinder as illustrated in Figure AT. A
range of such secondary cylinders, having different inside diam-

eters and matched pistons, is available.

When the vertical cylinders are fitted with pistons which
slide on the walls of the main cylinder and the horizontal jacks
are fitted with smaller pistons which move in secondary cylinders,
& constant ratio of vertical to horizontal applied load is achieved

with a common oil pressure supply.

The moving seal illustrated in Figure AT was adapted from a



FIGURE A 6

Apparatus for subjecting plate models
to biaxial compression
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design evolved by the National Engineering Laboratory of the
Department for Scientific and Industrial Research in Britain.

This seal depends upon a wedge-shaped anti-extrusion ring for its
high pressure sealing. This ring is made from a soft metal such
a8 brass in order that the ground cylinder walls are not scored.
Experience has shown that this seal is effective for pressures of
up to 50 000 1b/sq. in (the maximum used by the author in triaxial
testing on rock) and that it has very low friction characteristics,
Measurements have shown that the loss due to friction is generally

less than 1% of the applied hydraulic pressure.

HYDRAULIC CIRCUIT

The complete hydraulic circuit used in the biaxial loading machine

described above is illustrated in Figure A8.

The pressure is generated by means of a variable volume
5 000 1b/sq. in pump which is driven at 900 revolutions per minute,
by a 3 horsepower motor. The pump has five pistons driven by
means of a swashe-plate, The volume delivered is controlled by
changing the swash-plate angle and hence the pump stroke, The
flow can be reversed by altering the swash-plate setting and this
is useful for drawing the pistons back into the cylinders after

e test has been completed.

In normal operation the volume delivery is fixed at a con=-
venient value and control of the pressure is achieved by means of
a bypass needle valve, It has been found that very accursate
control of the load is possible if care is taken in the choice of

the pump delivery.

The oil pressure is delivered to all four loading jacks as
illustrated in Figure A8, For uniaxial testing, the horizontal
jacks can be isolated by means of a high pressure valve. For
biaxial loading, the secondary piston and cylinder sets described

in the previous section are fitted into the horizontal jacks.,

In order to provide sudden relief of the load when the model
fails, a diaphragm actuated high pressure valve is incorporated in
the circuit. This diaphragm valve is kept closed by means of
compressed air which is supplied through a solenoid valve. When

the movement of the vertical Jjack exceeds a preset valve, a micro=
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switch is actusted and this operates the solenoid valve and

thereby relieves pressure on the diaphragm valve.

LOAD MEASUREMENT

In order to measure the load applied to the model, strain gauges
are attached to the main loading segments at the positions in=
dicated in Figure AS8. These gauges are connected in a Wheatstone
bridge and the resistance change with load measured by means of a
digital voltmeter (10 microvolt resolution). This measuring
system has been calibrated to give direct load readout in tens

of pounds.

EXAMPLES OF LOADING ACCURACY

Probably the most sentitive test for the loading accuracy in a
machine of this type is given by the photoelastic pattern around
a circular hole in a plate subjected to equal vertical and
horizontal loads. The theoretical isochromatics (maximum shear
stress loci) are circles, concentric with the hole in the model.
The photoelastic isochromatics obtained by subjecting a glass
plate model, containing a central circular hole, to hydrostatic

compression are illustrated in Figure A9.

A further example of the accuracy of load distribution which
can be achieved with this machine is illustrated in Figure AlO.
This figure shows the photoelastic isochromatics induced in a
glass plate, containing a central square hole, subjected to
hydrostatic compression, The symmetry of this pattern gives a

good indication of the loading accuracy.



FIGURE A 9

Photoelastic isochromatics around a
circular hole in a hydrostatic stress
field
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APPENDIX IV

APPARATUS FOR TRIAXIAL COMPRESSION TESTING
OF ROCK SPECIMENS

The principal requirements for triaxial compression testing
of rock specimens were considered in Section 13 of this study.
This appendix describes the details of the triaxial epparatus
designed by the author and used in the Rock Mechanies Division of

the National Mechanical Engineering Research Institute.

PRINCIPLES OF OPERATION

The principal features of the triaxial apparatus are illustrated

diagrammatically in Figure All.

The specimen, of diameter Ds’ is loaded axially by means of a

load piston, diameter D The specimen and load piston are loaded

L.
in series with an o0il pressure piston and cylinder, diameter DP'
and the pressure generated therein is used to apply lateral pressure

onto the specimen.

The intermediate and minimum principal stresses (02 and 53)
induced in the specimen are equal to the oil pressure P and are
given by

The axial principal stress gy in the specimen is given by the
net load on the specimen divided by its cross-sectional area.
The net lcad is given by the total applied load L less the force
exerted upon the load piston by the oil pressure acting on the
annular area resulting from the difference between the load piston

diameter DL and the specimen diameter Ds'
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Hence
b, T
L = { /h (DL2 - D 2)
m™ D 2
P
0‘ -
L
1
/h % D 2
s
or
2 2 2
o = —
1
T D 2 D 2
P s

The prinecipal stress ratio 3/a is given by

CHOICE OF PRINCIPAL STRESS RATIOS

From the triaxial test results presented in Figure 11, it is
evident that fracture of hard roecks will only cccur within a
fairly narrow range of principal stress ratios. It is considered

unlikely that hard rocks, of the type with which this study is
o
primarily concerned, can be induced to fail at 3/0

3 > 0,25 at

stress levels attainable in this apparatus.

g
In order to cover the range 0 < 3/01 < 0.25, the following

Principal stress ratios have been chosen:

0, l/hO, 1 1 1

/20, “/12, Y79, e, gy,

STRESS CONDITIONS IN EX SPECIMENS

Practical considerations led to the choice of s total load L of
100 tons,. From considerations of the probable strength of hard
rock specimens under triaxial stress conditions (Figure 11) it was
decided that specimens should be cut from standard EX diasmond
drilled core {(0.85 inches diameter). The load piston diameter D

L
was chosen as 2,00 inches.

From considerations of commerically available 10°Y rings, the
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piston diameters listed in Table Al were chosen to give the pressure
ratios listed above. Also listed in Table Al are the actual
principal stress ratios and the maximum stresses induced in the

specimen at an applied load L of 100 tons.

TABLE AT

STRESS CONDITIONS FOR DS = 0.85 inches and D, = 2.00 ins.

L
s %)
Nominal ~3 1 1 1 1 1 1
ratio /ol 0 /4o /20 /12 /9 /6 an
Pigton diaw
meter DP ins. - 5.500 k,250 3.568 3.125 2,750 2,500
g
Actual 73
ratio /cl - 0.027 0,049 0.076 0.112 0.169 0.2hk3
I 1lb/8sq
3 max in.at - 8 LLol 1k 120{ 20 000| 26 100} 33 600| 40O TOO
o, max {100 351 000j 315 000{290 000|263 000|234 000|200 000|168 000
tons

In practice, the diameter of a specimen produced by a standard
diamond core barrell depends upon the hardness of the rock and the
wear of the drill, Consequently, the actual specimen diameter is
measured by means of a2 micrometer and the actual principal stresses
94 and 03 are calculated from a set of tables which have been
prepared for this purpose.

In addition to the apparatus described above, similar apparatus
for testing BX (1.66 inch diameter) and NX (2.13 inch diameter)
core is also available. This equipment is used for testing soft
rocks and coal and the practical procedure is identical to that
outlined above.

k., DESIGN DETAILS

A detailed drawing of the complete triaxial machine is reproduced
in Figure Al2.

The design of the specimen and plattens was discussed in

section 13.2 and the detailed application of this design is
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illustrated in Figure Al2. Note that spherical seats have been
provided on both plattens in order to minimise eccentricity of
loading due to slight imperfections in the preparation of the

specimen,

The specimen is sleeved in a 0.020 inch thick latex rubber
sleeve and, in order to prevent deterioration of this sleeve
during the test, commerical hydraulic brake fluid is used as the

pressure fluid.

The different pressure ratios, listed in Table Al, are
achieved by replacing the pressure piston and cylinder with

another set of different diameter.

Two load pistons are available, one fitted with a load cell
to measure the axial load on the specimen and the other drilled to
ellow 8 strain gauge leads to be brought out from the specimen.
Both pistons are illustrated in Figure Al2.

The steel used for the construction of this machine conforms
to the British Standard specifications of EN 30B steels. The
pistons and cylinders have been heat treated to give an ultimate
tensile strength of 120 000 1b/sq. in and, under these conditionms,
the steel retains a reasonable measure of ductility which is
necessary for the safe design of high pressure units. The
cylinders have been designed to withstand stresses 20% higher
than those listed in Table Al.

The plattens and spherical seats were machined from a 1%
carbon tool steel and hardened to 60 Rockwell C before grinding
and lapping. The spherical seats were lapped with diamond paste

and are numbered so that they are always used in matched pairs.

SEALING ARRANGEMENTS

The moving seals used on the load and pressure pistons are identi-

cal to those used in the biaxial machine, described in Appendix III

The design of the seal between the pressure cylinder and the
body of the triaxial apparatus is illustrated in Figure Al3.
This design was suggested to the author by Professor G.T. van Rooye

of the University of Pretoria.
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The o0il pressure cylinder is attached to the test cell body
by means of a loosely fitting thread - designed only to provide
location and initial sealing. A thin impregnated paper gasket is
placed between the sealing face and the test cell body.,

Once the load is applied and an oil pressure generated in the
pressure cylinder, this joint becomes self sealing since the area A
is greater than the area B and hence the sealing pressure on the
gasket is always greater than the pressure of the oil trying to
28cape. This sealing arrangement has proved completely reliable

in hundreds of tests carried out with the apparatus,

LOAD AND PRESSURE MEASUREMENT

Because of the very low frictional losses in the pressure end load
piston sealing devices, the stresses induced in the specimen are
generally within 1% of the stresses caleculated on the basis of the
equations presented in Section 1 of this appendix., Consequently,
it ig sufficient to measure only the oil pressure or the load on

+the specimen,

Although Figure Al2 shows that provision has been made for bot
measurements, practical experience has shown that measurement of
the 0il pressure is most convenient. This is achieved by means
of the pressure capsule illusirated in Figure Alk, Four such
pressure measuring units are available for maximum pressures of
2 000, 5 000, 12 500 and 35 000 1lb/sq. in. and the cheice of the
range used for a particular test depends upon the estimated

strength of the material and the sensitivity required.

BXTERNAL LOAD APPLICATION

Two methods of load application are possible with this apparatus :

{a) External loading by means of a jack and
() Restraining the pistons from moving outwards

and pumping oil under pressure into the system.

The second alternative has the advantage of giving a more
compact overall unit and is being considered for use in the field.
However, in the laboratory, it is advantageous to apply the load

externally by means of a jack since the rate of loading can be
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more'accurately controlled.

The 100 ton Jjack and hydraulic cirecuit used by the Rock
Mechanics Division is illustrated diagrammaticsally in Figure AlS,
Note that the hydraulic circuit is similar to that used for the

biaxial loading machine.

STRAIN MEASUREMENT

Measurement of the axial and lateral strains in the specimen will
be carried out by means of strain gauges. Although no such
measurements have been carried out at the time of writing, it is
not anticipated that any major difficulties will be encountered
since the techniques to be used have already been extensively in-

4 » - *
vestigated by Brace®2 and Milligan .

DATA RECORDING AND PROCESSING

Since a study of the properties of rock involves & large number
of tests, the collection and processing of the data must be
carefully considered.  Experience hes shown that data recorded
by means of X-Y recorders requires a large amount of accurate

and therefore expensive manual processing. When rock properties
testing is cerried out on & simi-routine basis, as is the case at
the CSIR, manual processing of the data becomes impractical and

uneconomical.,

In order to overcome the difficulties of rock properties
deta processing, the system, illustrated diagrammatically in

Figure ALT and described hereunder, was evolved.

Four items of informetion are recorded:

(a) The time in seconds from the commencement of the test
{b) The hydraulic pressure P

(4) The axial strain in the specimen €, and

#
MILLIGAN, R.V. The effects of high pressure on foll strain

gages. Paper No. 803, SESA Spring Meeting, Seattle,
May 8-10, 1963.



36

dwnd  u bs|gl 000g __

snyesedde (erxX®eI1a) Buipeol 1oy Noul wol OO PUB 1IN2IT0 DInBIPAY

STV F¥noi4

1]

NPT

IATVA SSvdad 3T1d33N

p— W.'l
831 .,_o.n_ L 110

.

7

MOTd I19I1SH3IAZY
JWMNOA JTIBVINVA

d0OL0OW

i -

IONVYD JUINSSIHd e

TOULNOD IHOYLS
diNNd d04 d¥3A37

1 v ] T

§ b

17

AN

az3td

f
|

OVl NOL COL

¥ 4




A 37

PRESSURE MEASUREMENT

CLOCK AXIAL STRAIN

LATERAL STRAIN

4 CHANNEL SAMPLE
AND DATA STORAGE UNIT

SCANNER

DIGITAL VOLTMETER
10 LV RESOLUTION

TYPEWRITER
DRIVE UNIT

SOLENQOID QPE -
RATED ELECTRIC
TYPEWRITER

FIGURE A 16

Block diagram of data collection system
for triaxial tests on rock specimens
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(&) The lateral strain in the specimen €y = Ege
The clock, which generates a voltage directly proportional to

time up to 1 000 seconds, is used to record the rate of loading.

The strain gauge circuits used to measure pressure, axial
strain and lateral strain are all temperature compensated full

Wheatstone bridge circuits.

The four items of information are sampled simultaneously and
the voltages transferred onto high stability mylar film capacitance

storage units.

A scanner then transfers these stored signals to the digital
voltmeter which actuates a solenoid operated electric typewriter

through a typewritten drive unit.

The scanning speed can be varied to suit the test conditions,
its maximum speed being governed by the 16 character per second
speed of the typewriter. At maximum sampling speed, each

#

channel is sampled every two seconds .

This sampling speed is adequate for the type of tests currentl

carried out by the Rock Mechanics Division,

Print out of the data by a typewriter was chosen in prefer=-
ence to punched tape because it provides directly interpretable
information during the test.

This typed data is then punched onto cards and processed on
the CSIR's IBM computor. High order polynomials are fitted to
the axial and lateral stress-strain data by means of a standard
programme . Once these curves have been mathematically defined
they can be differentiated to give the tangent modulus at any
stress level, divided to give the Poisson's ratio at any stress

level and integrated to give the strain energy.

Since these processes involved the use of very simple

programmes, the complete stress-strain data from a test can be

* Dhe electronic design of the clock, sample unit and scanner was

carried out by Dr D.H., Naude. Construction of most of the
equipment was done by Mr A. van Jaarsvelt. Dr Naude and Mr
Van Jaarsvelt are members of the CSIR's National Institute for
Mathematical Sciences.
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eveluated in a few seconds of computor time.
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APPENDIX V¥

CONDUCTING PAPER ANALOGY FOR DETERMINATION OF
THE PRINCIPAL STRESS SUM DISTRIBUTION

Application of the fracture theory discussed in thies study
requires a knowledge of the individual principal stresses U1s O,
and oq at any point in the material surrounding an excavation.

The photoelastic technique affords an accurate and convenient means
for the determination of the principal stress difference in any
plane in the modell®7, Separation of the principal stresses
requires that the principal stress sum in this plane should also

be known, The conducting paper analogy has been found particularl
useful for the determination of this principal stress sum.

The sum of the principal stresses Up and Gq in a plane in an
isotropic elastic stressed body which is free from body forces is

distributed according to Laplace's eguation:

The conducting paper analogy depends upon the fact that the
voltage distribution in a uniformly conducting plane is also

governed by Laplace's equation:

Consequently, if voitages are applied to the boundary of =
uniformly conducting sheet which is cut into the shape of the
stressed model, the voltage at any point in the conducting sheet
will correspond to the sum of the Principel stresses at that point
in the model. The values of the applied boundary voltages are
determined from the boundary fringe orders in the photoelastic

model.
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Figure AlT illustrates the circuit used for the determination «
the principal stress sum distribution by means of the conducting

paper analogy.

The model is cut from commercially available 'Teledeltos'
conducting paper. In the case of a model which contains one or
more axis of symmetry, only that portion of the model bounded by
this axis or axes and the loaded boundary need be considered.
Hence, in the case of a circular hole, only one quarter of the

model, as illustrated in Figure AlT7, need be studied.

The voltage applied to the loaded boundary corresponds to the
sum of the applied principal stresses P and Q. The voltages
applied to the boundary of the excavation correspond to the
tangential stresses on this boundary, determined from the photo=
elastic isochromatic patterns. Note that, in order to approximate
semi~infinite conditions, the hole diameter should be less than

one=fifth of the side length of the conducting paper model.

A commercially available transistorized strain indicator has
been found particularly suitable for measuring the voltage at any
point in the model by a null-balancing method. The model and
potential divider are arranged as a four arm Wheatstone bridge.
Probing the model unbalances the bridge and it is brought back into

balance by the internal potentiometer of the strain indicator.

The strain indicator supplies a 13 volt 1 000 cycle per second

alternating voltage across terminals A and C, The galvanometer
measures between terminals B and D. The 10 kQ potentiometer
shunts the galvanometer for control of the sensitivity. The

500 k2 resistor in series with the probe prevents excessive
current flow through probe. Connection between the wires and the
conducting paper model is made with commercially available silver

conducting paint.

A comparison between the distributions of the principal stress
gum in the material surrounding an unfractured circular hole, deter-
mined by meang of the conducting paper analogy apd calculated from
Kirsch's equations, showed that & maximum error of approximately
3% could be obtained if syfficient care was exercised in applying

the correct boundary voltages,
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BOUNDARY VOLTAGE (P+Q)

500 k

/

PROBE

TELEDELTOS CONDUCTING
PAPER MODEL

TENSION

ZERO

%

0- 10k
POTENTIOMETER

COMPRESSION
AXIS OF SYMMETRY \\\

COMPRESSION & TENSION
200 POTENTIAL DIVIDER

FIGURE A 17

Circuit for conducting paper analogy
used for determination of the principal
stress sum distribution
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