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Application of Eigenfunction Orthogonalities to
Vibration Problems

L.Fedotov®, T. Fedotova®, M.

Abstract— The modelling of vibration problems
is of great importance in engineering. A popular method
of analysing such problems is the variational method.
The simplest vibration model is represented using the
example of a long rod. Two kinds of eigenfunctions
orthogonality are proved and the corresponding norms
are used to derive Green's function that gives rise to an
analytical solution of the problem. The method can be
easily generalized to a broad class of hyperbolic
problems.

Green’s

Index Terms—  Bishop-equation, function,

Orthogonality, wave equation.

I. INTRODUCTION

The longitudinal vibration of a thin isotropic bar has
been studied by many researchers over a long time owing to
its wide applications in engineering. More specifically, the
vibration in a thin bar is described by PDE of the second
order (E.g.: wave equation) and the vibration in a thick bar is
described by PDE of the forth or higher order (E.g. Rayleyh,
Rayleigh-Bishop Equations etc.) [1], [2], [3], [4]. There are
many ways of modelling vibration problems. In our opinion,
the best method of such modelling is the variational principle
[5]. The following reasons show the advantage of this
method.

o Simultaneously with the differential equation we can

obtain necessary boundary conditions.

e Using the method of separation of variables (when it
is available), and different kinds of orthogonality
(method of multiple orthogonalities), we can obtain
very simple form of Lagrangian.

o This allows, (and this is the main idea of the paper), to
construct Green's function of the problem that is
equivalent to obtaining an analytical solution.

For the sake of simplicity in this paper we demonstrate
the method of two orthogonalities using a simple example of
the wave equation. To be more precise we consider the forced
vibration analysis of a thin homogeneous bar with constant
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cross-section, assuming that both ends of the bar are
suspended by lumped masses and springs. This leads to the
well known second order wave equation with constant
coefficients with the natural homogeneous boundary
conditions of the third kind. This example is considered in
detail.

The transcendental equation determining the
corresponding eigenvalues is solved wusing different
mathematical software. The corresponding eigenfunctions
satisfy two kinds of orthogonality conditions. The results are
checked by means of MathCAD. The Green function is
directly derived in terms of eigenfunctions and also used to
obtain the solution of the problem.

This method can be easily generalized for equations of
higher order describing the vibration in thick bar with
variable geometry. The analytical tools of such
generalization are based on finding eigenfunctions with
piecewise continuous derivatives.

IL.

Let us consider a homogeneous isotropic thin bar of length 1.
We suppose that the small vibrations are activated by the
distributed force F = F(X,t). In such condition the

mechanical wave displacement that comes from the

GOVERNING EQUATION AND BOUNDARY CONDITIONS

deformation of the medium is represented by U =U (X,t)

where X and t are respectively the axial distance between
the points along the bar and the time. The Lagrangian, is the
difference of its kinetic energy, its combined potential
energies due to the strain in the bar and due to the elasticity of
the surrounding medium at the ends of the bar in which the
motion took place and the work done by the external applied
force [5].

L(u,u,u’)= %jol Alpt® — Eu” + 2Fu fdx -

1o 2 2
- [[ls0ou + gocx-nufix (1)
where A= A(X) is the cross-section area, O is the mass
density, E is Young modulus of elasticity, /3, and [, are
the elasticity constant at both ends of the bar, O(X) is the

Dirac O — function with support at X =0 and the upper dot
and the prime denote respectively the derivative with respect
to t and X. In accordance with the Hamiltonian principle
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t
the variation of the action S = J; “Ldt mustbe equal to zero
1
forall t,and t,. [5]. Thus
t
&5 = tz ALdt =0 )
1

(It is necessary to distinguish two notations: J(X) (with

brackets) - Dirac O —function and O (without brackets) -
variation of functional or function).
It is easy to see (assuming QU(X,t)=dU(X,t,)=0)

8S = H{ EAU’ —%(pAu)+FAi|5Udth+

+ff [EAU'(L,) - Au(Lt)pud, Hydt +
_Ltz [EAU'(0,t)+ £,u(0,t)]Su(0,t)dt =0 3)

Equation (3) is satisfied if

0 0

2 (pAu)--Z(EAU') = FA 4
o (PAU) ——(EAU) “)
(equation of motion) and boundary conditions

u'(0,t) — ,u(0,t) =0 )

u'(Lt)+ u(Lt)=0

are of the third kind) where &, = 3,/ EA and o, = %

The initial conditions are given as follows:

u(x,0)= g(x)and u(x,0) = h(x). (6)
Remark: We consider boundary conditions of the third kind
because they produce nonconventional orthogonality
conditions (the second orthogonality). These conditions are
given below (formula (17)).

III. FREE VIBRATION AND STURM-LIOUVILLE PROBLEM

Let us suppose that A, E, p are constants. Problem (4)-(5)
becomes of the following form:
o’u o’u
Pl -ESS=F ™
o’ ox’
With the boundary conditions:
u'(0,t) — ,u(0,t) =0
u'(Lt) +au(l,t)=0
To state the Sturm-Liouville problem, we set F(X,t) =0.
The classical Fourier method consists in setting
u(x.t)=y(x)e" ©)
where i* =—1.

Substituting expression (9) into equation (7), (8) leads to the
Sturm-Liouville problem:

y"(x)+ 2y(x)=0
y'(O) — & y(O) =0
y'(l)+ @, y(l) =0

)

(10)

ISBN:978-988-18210-1-0

0] / E
where 4 = /1(0)) =—and C=_[— is the velocity in the
c P

bar. The general solution of equation (7) has the following
form:

y(x) = asin Ax + b cos Ax (11)

where a@aandb are constant which can not be
simultaneously equal to zero. Substituting (11) into boundary
conditions in (10) gives the following characteristic equation

with A as unknown:
D(ﬂ) = (OKO% + A )sinﬂ + ﬂ(ao +q, )cosﬂ =0.(12)
Many positive roots A,,N=1,2,..., of the transcendental

equation (12) can be obtained by using mathematical
software such as Mathcad (more on that in the numerical
discussion). The corresponding eigenfunctions are

y, =Y, (x)=a,sin A x+b, cos A x.

IV. THE ORTHOGONALITY OF THE EIGENFUNCTIONS
Let Y, and Y, be the two distinct eigenfunctions (N # M)
corresponding to the different eigenvalues A, and A, thatis
2

yi+4;y;=0 (13)
¥;(0)-a,y;(0)=0

y; (1)+alyj (1): 0
where j =m,n,(n=m)
The standard orthogonality of eigenfunctions is usually

(14

obtained by multiplication of equation for Yy, by Y, ,

equation for Y, by Y, integration with respectto X from 0

to 1 and subtraction of results obtained. Consequently,

¥ ()3, (XK =y, 3 (1)
where

[al} = [} v? (x)x (16)
and O, is Kronecker’s symbol.

In order to obtain the second orthogonality, we repeat the
above technique but by multiplying equations for Y, and
Yy, by Ay and Ay, respectively and by using the
boundary conditions
Ya (0) =Y, (0)’ Yo (1) =—0Y, (l)and Y (0) = Yn (0)=
Y, (l)z -, Yo, (1) This yields the second boundary

condition:

[ Y003 (08X + 2, Y, ()Y (0) + 2y, (D Y (1)

= ”yn ”; O (17)
where

[yal} = [} vi2 0k + @,y (0) + ey (). (18)
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In the case ao =¢, =0 orthogonality (17) is given in [6],
(page 382). In the case of processes described by the wave
equation this orthogonality is obvious. For more
sophisticated PDE of higher order we present below a more
complicated kind of the second orthogonality, but this one
appears to have never been used before for determining of
solutions in terms of Green’s function.

V. SOLUTION OF THE PROBLEM

We seek the solution of problem (7), (8), (6) in the form of a
generalised Fourier series with respect to the eigenfunctions
of the Sturm-Liouville problem:

a0 = Y0, (1), ()

where U, ('[) is an unknown function. We can also expand

(19)

the right hand side
eigenfunctions system:

F with respect to the same

=D F(t)y,(x (20)
n=1
where F (1) is N -th Fourier coefficient of F :
1
nlly

In order to obtain the equation for the determination of
u, ('[), the Euler-Lagrange differential equation is used:

gy,
dt\ ou ou

where L is Lagrangian (1) defined above.
Substituting (19) and (20) into Lagrangian (1) after simple
transformation we obtain:

L(u,u,u") IAp[ZZyn(x)ym(x)u (b, (t)jdx+

n=1 m=1

+ .[ A(ZE: Fm (t)un (t) yn(x) ym(X)jdX +

n=1 m=1

(22)

=03 y;(x)y;(x)unmum(t)jdx -

n=1 m=1

ii% Ya(0)Yn(O)u, (Hu,, (t)jdx -

n=1 m=1

Z Z al yn (1) ym (l)un (t)um (t)jdx (23)
n=1 m=1

Application of eigenfunction orthogonality conditions (15),
(17) and the corresponding norm representation leads to very
simple form of the Lagrangian

L(u,u,u’) ZL @4
where
1 .2 .
L - 5( AU (1) + 2AF, (U, ) )y, |} -
1
—o AEG O]y, 23
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If (22) is true for each L, thenitholds for L . Equation (22)

for L, has the following form:

P, Oy, +Eu, Oy, ]2~ F 0|y =0

or

V] (t)+Q2 u (t)— F({t)=0 (26)
0
where Q, | = C”yn”2
[yl

The solution of the ordinary differential equation (26) is
found in the form:

u,(t)= g(x)y,(x)dx Qb+
I il Jo

+ .
Ql,nllynllf

1 r[ I .
+— || F(x,2) yn(x)dx}st Ht=7)xdz.(27)
Ql,np”yn”lz J.O IO 1

Substituting expression (27) into (19) leads to the general
solution of the problem (8), (6)-(7):

uet) = [ 96 PEEae 4 [T 66, (x 048+

Uo h(x) yn(X)dx]sinQLnt N

s LT REnemat-ndadt,  @8)
,0 0J0

where

© X inQ), t
6 &= 32 )”3;”(”%5111
n= nil; ®<1,n

, 29

is the Green function.

The above method can be generalized for complicated
hyperbolic equations, describing some higher-order vibration
problems. In section VII we present an example of equation
of forth order.

VI. NUMERICAL DISCUSSION

We consider a thin bar (isotropic and homogeneous),
consisting of a cylindrical section made of an aluminum alloy

Table I: The characteristics of the bar

Parameter symbol value unit
Young modulus of E 70.10° N/m
elasticity of bar
Mass density P 2700 Kg/m
Radius of bar r 0.25 m
Length of bar | 1 m
Area of bar A 0.1963 m?
Phase velocity of c 5091.75 m/s
bar
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The elasticity constants of the surrounding medium at the

]
both end of the bar are: Mg, |
9 2 9 2 e ey
B, =0.5x10" N/m” and B =10" N/m T gy N AN 4
In what follows we use the mathematical software Mathcad - \ ! \
to implement and numerically illustrate all the results. N “: i, / '\
}BX) u. .' 'Ifn- ,.“. -
The Mathcad function “root” is used to solve the \ /) R T Y
. ) . ) e
transcendental equation |D(a))| = |Dl(a))| =0. To guess o \ 4 \.\
. . (s - ! o
a starting value of each w,,n=12,..., log|D(a))| is T \-._"-' v,
-1
plotted versus the frequency f :a)(27r) (Fig 1) and | | | |
-5 67
some downward “spikes” are seen. Using the command S 02 04 06 08 1
“Trace” in Mathcad, the approximate value of @ at the i, 1 1

spikes is determined, thatis @ =27 f .
Figure 2: The eigenfunctions corresponding to the first five
eigenvalues

147, !

Fig 2 shows different shapes of the vibration at different

modes.
o)} 0

VII. GENERALISATION: RAYLEIGH-BISHOP EQUATION

In this section we give an example of application of our
method to the vibration problem for a thick bar. This is more
complicate problem leading to an equation of forth order.
Rayleigh-Bishop theory for vibrating thick bar improve the
classical theory by taking into account the lateral
displacements (characterize by the Poisson ratio 77) and the

A3,

0 U 4000 G000 8000 1 -10+

I, 0 %) 11180
Figure 1: Graph used to estimate the values of the
eigenfrequencies

effects of shear stiffness accompanying this transverse
displacement while calculating the strain energy by

Table I1: The first five eigenfrequencies of the bar introducing the bulk modulus of second kind £ . [2], [3]. In

Eigenfrequency Symbol Value Unit . .

; this case the displacements are assumed as follow:
First mode o /27 265.429 Hz U= U(X t)
Second mode w, /27 | 2574x10° | HZ | v=v(x,y,t)=—npyu’,
Third mode o,/ 2rx 5.106x10° | Hz W:W(X,Z,t): —nzu’.
Fourth mode w,/2r 7.647x10° | Hz The Lla grla ngian s given by: .

_ 1 12 21 (412 _
Fifth mode o, /27 1.019x10* | Hz L= 2Iop(Au U bX+J‘oF(X’t)AUdX
1 1 ’ n
_EL(EAU > bl " Hx+
Table I11: The first five natural frequencies The equation of motion has the form [2]:
Natural frequency | Symbol Value Unit 2% (x,1) 2% (x,1) a'u (x,1)
First mode Q,/27 | 265429 | Hz pA—— T EAT ol e
Second mode Q. /27 | 2.574%x10° | Hz 4
. : : e 2 S8 ap(xt), (30)

Third mode Q, /27 | 5.106x10 Hz P ox’
Fourth mod 3

oHTT fode Q, /27 | 7.647x10° | Hz with the following boundary conditions
Fifth 4

ifth mode Qs/zjz' 1.019x10 Hz p?]zlpU"FEAU’_ﬂI p772umx_01 =0

o €2y
u |x:0,1 =0

where 77 is the Poisson ratio, £ is the shear modulus of
elasticity of second kind, | p Is the polar moment of inertia

of the cross section of the bar.

ISBN:978-988-18210-1-0 WCE 2009



Proceedings of the World Congress on Engineering 2009 Vol 11
WCE 2009, July 1 - 3, 2009, London, U.K.

The Sturm-Liouville problem is:

Equation for eigenfunction Y = y( ) i
d'y
2 2 2
ulon +HA ol
p dX4 (
Boundary conditions are

(EA-2pn*1, )y - ul *y"
y'. . =0

EA)zy PpAy  (32)

x=0,1

(33)

x=0,1

The particular feature of Sturm- Liouville problem (32)-(33)
is that eigenvalues A arise in boundary conditions (33). The
general theory of such problems is not developed at present.

The latest results concerning this type of problems can be
found in [7].

Orthogonalities [2]:

oAy 00 004771, 92 00 00X = |y, [ 81

and
[ [EAY 00¥5 00+ 72 200 0O Bx = [V 81

Where
Iy.lf = [[Tay2 00+ 721, y2 (0 bx

and

[yl =f;[EAy () + 77 Y22 (X) i

The solution of the problem is of the form:

u(x.t) = Aj;{g(§>%+ h(?)Gz(é,X,t)}dé +

FG(EXD) 1y OB (E XD
o th© 5}

A FEG @t -ndalr,
IO 0J0
& Ya (Y (£)sinQ,

1, f;{g'(e‘)

where G, (&,x,t) = the
R o
Green’s function in which Q ” Yo ”2 is the

" el

eigenfrequency

The generalization of this method is also possible for the
above hyperbolic equation with variable coefficients [1].

ISBN:978-988-18210-1-0

VIII. CONCLUSIONS

In this paper Hamilton's variational principle has been the
main mathematical tool of derivation of the equations of
motion with associated boundary conditions. It has been
demonstrated that from the orthogonality of the
eigenfunctions (two kinds) of the Sturm-Liouville problem,
we can easily formulate the solution of the of vibration
problem.
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