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Abstract

It was found by G. Bryan in 1890 that vibrating pattern of a rotating ring follows to a 
direction of the inertial rotation of this ring wit h an angular rate of the vibrating 
pattern smaller than the inertial rate. In 1979 E. Loper and D. Lynch proposed a 
hemispherical vibrating bell gyroscope utilising the Bryan’s effect, which can measure 
an inertial angular rate and angle of rotation about the symmetry axis of the 
hemispherical shell. All these works exploited the precession properties of thin 
vibrating shells subjected to an inertial rotation around their axes of symmetry. In 1985 
V. Zhuravlev generalized the abovementioned results and shown that the Bryan’s effect 
has a three dimensional nature, i.e. that a vibrating pattern of an isotropic spherically 
symmetric body, arbitrary rotating in 3-D space, follows the inertial rotation of the 
solid body with a proportionality factor depending on the vibrating mode. This result 
had a qualitative nature without classification of vibrating modes and calculation of the 
corresponding proportionality factors. In the present paper radial and torsional 
vibrational modes are considered on the basis of an exact solution of 3-D equations of 
motion of an isotropic body in spherical coordinates. The solutions are obtained by 
means of a three potentials method in the spherical Bessel and associated Legendre 
functions. The proportionality factors of corresponding vibrating modes are calculated. 
The effects of gyroscopic forces on wave propagation in a transversely isotropic 
cylinder due to the inertial rotation are considered. The solutions are expressed in 
Bessel functions for different modes and corresponding Bryan’s proportionality factors 
are calculated.
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TRANSVERSELY ISOTROPIC CYLINDER - 1
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TRANSVERSELY ISOTROPIC CYLINDER - 2
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TRANSVERSELY ISOTROPIC CYLINDER - 3
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TRANSVERSELY ISOTROPIC CYLINDER - 4
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ISOTROPIC SPHERE - 1
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ISOTROPIC SPHERE - 2
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ISOTROPIC SPHERE - 3
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ISOTROPIC SPHERE - 4
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GYROSCOPIC EFFECTS IN VIBRATING
AND ROTATING STRUCTURES - 1 

Lagrangian of a Solid Cylinder - 1
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GYROSCOPIC EFFECTS IN VIBRATING
AND ROTATING STRUCTURES - 2 

Lagrangian of a Solid Cylinder - 2
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GYROSCOPIC EFFECTS IN VIBRATING
AND ROTATING STRUCTURES - 3 

Lagrangian of a Solid Sphere - 1
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GYROSCOPIC EFFECTS IN VIBRATING
AND ROTATING STRUCTURES - 4 

Lagrangian of a Solid Sphere - 2
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GYROSCOPIC EFFECTS IN VIBRATING
AND ROTATING STRUCTURES – 5

Equations of Motion - 1
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GYROSCOPIC EFFECTS IN VIBRATING
AND ROTATING STRUCTURES – 6

Equations of Motion - 2
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EXAMPLE - 1

0.5a m= 10
27 10 NE

m
= ⋅ 0.33ν = 3

32.7 10 kg
m

ρ = ⋅
Sphere: 

0.1828824

0.1737252 0.1369910

0.1746654

0.17556600.1276654

0.60822960.5153924n=3

0.3299728 0.27010848

0.3508190

0.33366160.3008563

0.40350500.1375056

0.96925670.9212633n=2

Bryan’s factor
(acoustic medium)

Eigenvalues (Re, acoustic 
medium, Hz)

Bryan’s factor (free 
boundary)

Eigenvalues (free boundary,
Hz)

m=2
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EXAMPLE - 2

0.1108824

0.10372520.0739910

0.1516654

0.14956600.0006654

0.70822960.6343924n=3

Bryan’s factor
(acoustic medium)

Eigenvalues (Re, acoustic 
medium, Hz)

Bryan’s factor (free 
boundary)

Eigenvalues (free 
boundary, Hz)

m=3
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EXAMPLE - 3

Eigenfunctions, corresponding to m=2, n=2, f=5056 Hz:
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CONCLUSIONS

• Expressions for Bryan’s factor have been derived, which 
characterizes the coefficients of proportionality between angular 
rate of precession of a vibrating pattern and the inertial angular 
rate of an isotropic elastic body.

• It has been pointed out that the Bryan’s factor is an invariant of 
sphere’s radius, its mass density and modulus of elasticity; it 
depends on Poisson’s ratio.

• In the rotating coordinate system the spheroidal vibrating 
patterns precess in the direction, which is opposite to the 
direction of inertial rotation (positive Bryan’s factor); the 
torsional patterns precess in the direction of inertial rotation
(positive Bryan’s factor).


