
Results in Physics 9 (2018) 628–635
Contents lists available at ScienceDirect

Results in Physics

journal homepage: www.journals .e lsevier .com/resul ts - in-physics
Strain and grain size of TiO2 nanoparticles from TEM, Raman
spectroscopy and XRD: The revisiting of the Williamson-Hall plot
method
https://doi.org/10.1016/j.rinp.2018.03.008
2211-3797/� 2018 The Authors. Published by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

⇑ Corresponding author.
E-mail address: bmwakikunga@csir.co.za (B.W. Mwakikunga).
Pierre M. Kibasomba a,b,c,d, Simon Dhlamini c, Malik Maaza a,d, Chuan-Pu Liu e, Mohamed M. Rashad f,
Diaa A. Rayan f, Bonex W. Mwakikunga b,⇑
aDepartment of Physics, Florida Research Centre, University of South Africa, Florida, South Africa
bDST/CSIR-National Centre for Nano-Structured Materials, PO Box 395 Pretoria, South Africa
cUNESCO-UNISA Africa Chair in Nanosciences/Nanotechnology, College of Graduate Studies, University of South Africa, Muckleneuk Ridge, P.O. Box 392, Pretoria, South Africa
dNanosciences African Network (NANOAFNET), iThemba LABS-National Research Foundation, 1 Old Faure Road, Somerset West 7129, P.O. Box 722, Somerset West, Western
Cape Province, South Africa
eMaterials Science and Engineering, National Cheng Kung University, 1 University Rd, Tainan, Taiwan
fCentre for Metallurgical Research and Development Institute, (CMRDI), P.O. Box 87, Helwan, Cairo 11421, Egypt

a r t i c l e i n f o a b s t r a c t
Article history:
Received 9 December 2017
Received in revised form 1 March 2018
Accepted 3 March 2018
Available online 16 March 2018

Keywords:
Williamson-Hall
Scherrer
Particle
Crystallite
Strain
Size
The Williamson-Hall (W-H) equation, which has been used to obtain relative crystallite sizes and strains
between samples since 1962, is revisited. A modified W-H equation is derived which takes into account
the Scherrer equation, first published in 1918, (which traditionally gives more absolute crystallite size
prediction) and strain prediction from Raman spectra. It is found that W-H crystallite sizes are on average
2.11 ± 0.01 times smaller than the sizes from Scherrer equation. Furthermore the strain from the W-H
plots when compared to strain obtained from Raman spectral red-shifts yield factors whose values
depend on the phases in the materials – whether anatase, rutile or brookite. Two main phases are iden-
tified in the annealing temperatures (350 �C–700 �C) chosen herein – anatase and brookite. A transition
temperature of 550 �C has been found for nano-TiO2 to irreversibly transform from brookite to anatase by
plotting the Raman peak shifts against the annealing temperatures. The W-H underestimation on the
strain in the brookite phase gives W-H/Raman factor of 3.10 ± 0.05 whereas for the anatase phase, one
gets 2.46 ± 0.03. The new btot

2 cos2h-sinh plot and when fitted with a polynomial yield less strain but much
better matching with experimental TEM crystallite sizes and the agglomerates than both the traditional
Williamson-Hall and the Scherrer methods. There is greater improvement in the model when linearized –
that is the btotcos2h-sinh plot rather than the btot

2 cos2h-sinh plot.
� 2018 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Introduction

Background

Comparing methods that determine particle size in nanocrys-
talline powders is ongoing as long as the problem of small particles
remains unsolved [1]. A large chunk of research work points to the
fact that the Williamson-Hall is more accurate, but over-estimate
by ±35%, than the Scherrer method, worked out an improved
Scherrer method on the basis of line width in the Scherrer equation
and matched the calculation of W-H [2]. However, other research
have shown that W-H underestimates by ±14% the particle size
as compared to Scherrer, of which the correlation was confirmed
with TEM [3].

The Williamson-Hall (W-H) method for crystallite size and
strain analysis is still under-utilized as compared to the Scherer
method, and yet it is more accurate and offers a greater benefit,
the possibility of calculating, a very important material properties,
in particular, structural parameter, the strain (e), and phase com-
position. The W-H equation was derived in 1953 which was an
improvement on the P. Scherrer (P-S) equation developed earlier
before 1918 [4].

This W-H method is attributed to G.K. Williamson and his stu-
dent, W.H. Hall [5]. It relies on the principle that the approximate
formulae for size (Scherrer) broadening, bL, and strain broadening,
be, vary quite differently with respect to Bragg angle, h:
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bL ¼
Kk

L cos h
; be ¼ Ce tan h ð1Þ

One contribution varies as 1/cosh and the other as tanh. If both con-
tributions are present then their combined effect should be deter-
mined by convolution. The simplification of Williamson and Hall
is to assume the convolution is either a simple sum or sum of
squares. Using the former of these then one gets:

btot ¼ bL þ be ¼ Ce tan hþ Kk
L cos h

ð2Þ

If one multiplies this equation by cosh one gets:

btot cos h ¼ CeW�H sin hþ Kk
DW�H

ð3Þ

where DW-H is the grain size as determined from the Williamson-
Hall plot. Comparing this to the standard equation for a straight line
(m = slope; c = intercept), y = mx + c, one sees that by plotting
btotcosh versus sinh we obtain the strain component from the slope
(Ce) and the size component from the intercept (Kk/L) or Kk/DW-H.
Such a plot is known as a Williamson-Hall plot. It can be a good idea
to label each data point on the Williamson-Hall plot according to
the index of its reflection to see whether any pattern emerges. It
has been stated [6], however, that the Williamson-Hall method,
owing to its many assumptions, should not be taken too seriously
in terms of its absolute values but it can be a useful method if used
in the relative sense; for example a study of many powder patterns
of the same chemical compound, but synthesised under different
conditions, might reveal trends in the crystallite size/strain which
in turn can be related to the properties of the product.

It must be noted that there have been other proposals down
through history on how to calculate the crystallite size from XRD
data. One of them is the Halder-Wagner (HW) method given
[7,8] by

btot cos h
sin h

� �2

¼ Kk
DHW

:
btot cos h

sin2 h
þ 16e2HW ð4Þ

where DHW and eHW are Halder-Wagner crystallite size and strain

respectively. Here, when a plot of btot cos h
sin h

� �2
is made against btot cos h

sin2 h

then a straight line graph of slope Kk
DHW

and intercept 16e2HW is

obtained. Here, the slopes yield the Halder-Wagner crystallite size,
DHW, while the intercept gives the Halder-Wagner strain, eHW. How-
ever, the Halder-Wagner method is known be somewhat limited
when compared to the Williamson-Hall method. When WH and
HW methods were compared to some CeO2 sample of pre-known
average crystallite size 32 nm and strain 0.4(9)%, the WH method
yielded the crystallite size of 29 nm whereas the HW method gave
about 28 nm. Also, the WH yielded a strain of 0.4957% whereas the
HW gave a strain value of 0.07682% [9–11]. Therefore it was
reported that the HW method performed poorer than the WH
method.

Current derivation of the new strain-crystallite-size equation

The intent of this paper is to report on the progress from
post-Scherrer and post-W-H attempt to make the W-H equation
accurate and more absolute than before. We do this by scaling
the W-H crystallite size (DW-H) against the more trusted Scherrer
crystallite size (DS). If we assume a linear proportionality between
DW-H and DS then we can write:

DW�H ¼ ðDW�HÞ0 þ aW�H�SDS ¼ ðDW�HÞ0 þ aW�H�S
Kk

btot cos h
ð5Þ

Our second argument is that if the crystallite size by the W-H is not
to be trusted as stated in Ref. [6], then it is difficult to conclude that
the strain obtained from the same W-H method, eW-H is accurate
enough. This is the second reason for the need for a revision of
the W-H method.

There are other more trusted methods for obtaining strain
from crystallites. These include nano-indentation [12–13], red-
or blue-shift of some phonons measured by either Raman spec-
troscopy [15–18] or FTIR [14–15] and high pressure anvil cell
coupled to optical spectroscopic systems such as UV–Vis-IR spec-
trophotometer [16] and high pressure XRD and Raman spec-
troscopy [17–24]. As for Raman spectroscopy, the relationship
between red- or blue-shift (Dx) of the phonon peaks and the ten-
sile strain or compressive strain, eR, in the nano-crystals respec-
tively is given by [14]

x ¼ x0 1� aþ r þ 3
2

eR
� �

ð6Þ

where a and r are constants to govern the attractive, a, and repul-
sive, r, exponents in the potential V(lb) of each bond; here, lb is
the length of the bond. [In order to shed more light on the poten-
tial V(lb) of the bond, the potential as a function of the bond
length lb is given as an additive sum of the repulsive component
(A/lbr ) and an attractive component (-B/lba) as V(lb) = (A/lbr )-(B/lba)].
The values of a and r are 6 and 12 for a van der Waal’s bonding
according to Leornad-Jones potential, 1 and 9 for ionic bonding
and have a sum (a + r) of 3 for a covalent bonding [14]. The
bonding in TiO2 cannot be van der Waals nor ionic; therefore it
is taken in this paper to be covalent and therefore we can express
the relation between the new phonon frequency and the bulk fre-
quency to

x ¼ x0 1� 3þ 3
2

eR
� �

¼ x0ð1� 3eRÞ ð7Þ

Furthermore, if eW-H and eR scale linearly with each other, then one
can write:

eW�H ¼ ðeW�HÞ0 � ceR ð8Þ
Since the traditional Williamson-Hall strain, eW-H, is an underesti-
mated value, one then chooses the + rather than the – in Eq. (8).
Therefore the new strain, e0, is

e0 ¼ ðeW�HÞ0 þ ceR ð9Þ
Then one can derive a new equation from the Williamson-Hall by
substituting Eqs. (4)-(7) into Eq. (3) as follows:

btot cos h ¼ Ce0 sin hþ Kk
ðDW�HÞ0 þ aW�H�S

Kk
btot cos h

ð10Þ

This means that a plot of btotcosh versus sinh will not give a linear
plot assumed by Williamson and Hall in 1962. Indeed further anal-
ysis of Eq. (10) yields:

btot cos h½ðDW�HÞ0 þ aW�H�S
Kk

btot cos h
�

¼ Ce0 sin h ðDW�HÞ0 þ aW�H�S
Kk

btot cos h

� �

þ KkðDW�HÞ0btot cos hþ aW�H�SKk

¼ ðDW�HÞ0Ce0 sin hþ

) Ce0 sin haW�H�S
Kk

btot cos h
ðDW�HÞ0 þ aW�H�S

Kk
btot cos h

� �
þ Kk

) btot cos hðDW�HÞ0 þ aW�H�S
Kk

btot cos h

¼ Ce0 sin h ðDW�HÞ0 þ aW�H�S
Kk

btot cos h

� �
þ Kk ð11Þ

or
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b2
tot cos

2 hðDW�HÞ0 þ aW�H�SKk

¼ Ce0btot cos h sin h ðDW�HÞ0 þ aW�H�S
Kk

btot cos h

� �

þ Kkbtot cos h ð11aÞ

) ðDW�HÞ0btot cos hþ aW�H�SKk

¼ ðDW�HÞ0Ce0 sin hþ Ce0aW�H�S
Kk sin h
btot cos h

þ Kk

) ðDW�HÞ0b2
tot cos

2 hþ aW�H�SKkbtot cos h

¼ ðDW�HÞ0Ce0btot cos h sin hþ Ce0aW�H�SKk sin hþ Kkbtot cos h

) ðDW�HÞ0b2
tot cos

2 hþ ðaW�H�S � 1ÞKkbtot cos h

¼ ðDW�HÞ0Ce0btot cos h sin hþ Ce0aW�H�SKk sin h

) ðDW�HÞ0b2
tot cos

2 h

¼ ðDW�HÞ0Ce0btot cos h sin hþ Ce0aW�H�SKk sin h

� ðaW�H�S � 1ÞKkbtot cos h ð11bÞ

If one uses the trigonometric identities of cos2 hþ sin2 h ¼ 1, one
gets

ðDW�HÞ0b2
tot cos

2 h ¼ ðDW�HÞ0Ce0btotð1� sin2 hÞ
1
2 sin h

þ Ce0aW�H�SKk sin h

� ðaW�H�S � 1ÞKkbtotð1� sin2 hÞ
1
2 ð12Þ

And after expanding the binomial series and neglecting the
higher terms, one gets

ðDW�HÞ0b2
tot cos

2 h ¼ ðDW�HÞ0Ce0btot 1� 1
2
sin2 h

� �
sin h

þ Ce0aW�H�SKk sin h

� ðaW�H�S � 1ÞKkbtot 1� 1
2
sin2 h

� �
ð13Þ

And further simplification and re-arrangement yields

ðDW�HÞ0b2
tot cos

2 h ¼ �ðDW�HÞ0Ce0btot
1
2
sin3 h

þ 1
2
ðaW�H�S � 1ÞKkbtot sin

2 h

þ ½ðDW�HÞ0Ce0btot þ Ce0aW�H�SKk� sin h

� ðaW�H�S � 1ÞKkbtot ð14aÞ

b2
tot cos

2 h ¼ a sin3 hþ b sin2 hþ c sin hþ d ð14bÞ
The implication of this equation is that a plot of btot

2 cos2h versus
btotsinh is a non-linear curve which describes a cubic polynomialy
= ax3 + bx2 + cx + d where

a ¼ � 1
2 ðDW�HÞ0Ce0
ðDW�HÞ0

; b ¼
1
2 ðaW�H�S � 1ÞKk

ðDW�HÞ0
;

c ¼ ½ðDW�HÞ0Ce0 þ Ce0aW�H�SKk�=btot

ðDW�HÞ0
; d ¼ �ðaW�H�S � 1ÞKk

ðDW�HÞ0
or

a ¼ �1
2
Ce0; b ¼

1
2 ðaW�H�S � 1ÞKk

ðDW�HÞ0
; c ¼ Ce0 þ Ce0aW�H�SKk

btotðDW�HÞ0
;

d ¼ �ðaW�H�S � 1ÞKk
ðDW�HÞ0

This means that the new strain, e0, is found from the coefficient of
the sin3h and the new particle size from intercept as well as from
the coefficient of sin2h.
Therefore, the new strain is found from the intercept of the
cubic polynomial as follows:-

e0 ¼ �2a
C

¼ �1
2
a ð15Þ

And the Williamson-Hall to Scherrer parameter, aW�H�S, and the
threshold particle size, ðDW�HÞ0 are found by solving the equations
for b and d simultaneously and the simplification lead to:

aW�H�S ¼ 2b
dþ 2b

þ 1
Kk

ð16Þ

and

ðDW�HÞ0 ¼ Kk
dþ 2b

ð17Þ

The main task in this theory is to transform the btot-h data into
a plot of btot2 cos2h against sinh rather than the traditional btotcosh
against sinh plot and fit Eq. (14) to this plot and extract coeffi-
cients a, b, c, and d. Coefficient a is used to find the strain in
the sample and coefficients b and d contain information on par-
ticle size.

The second option is to linearize Eq. (14). This is accomplished
by neglecting the higher powers of sinh and then reducing Eq. (14)
to

btot cos
2 h ffi Ce0 1þ aW�H�SKk

btotðDW�HÞ0

� �
sin h� ðaW�H�S � 1ÞKk

ðDW�HÞ0
ð18Þ

where the slope is equal to Ce0 1þ aW�H�SKk
btotðDW�H Þ0

h i
. This means that the

new strain e0 is further increased by a factor of aW�H�SKk
btotðDW�HÞ0. Also the

intercept which is equal to ðaW�H�S�1ÞKk
ðDW�HÞ0 is used to calculate the crys-

tallite size. We will leave to the reader to find out that the strain
comes close to the much trusted Raman strain and, similarly, the
particle or crystallite size comes down to the values of crystallites
sizes obtained from TEM imaging.

Experimental details

Two samples were used in the experiment: the first sample,
Ti-iso-2-450, the lyophilized sample. We refer to it as temperature
programmed synthesis TiO2 from isopropoxide precursor at fixed
pH value. The second, P-25 Degussa, the commercial TiO2, mainly
composed of anatase (99.2%).

The TiO2 nanoparticles were synthesized by a multi-step,
adapted version of the lyophilization technique. 1.0 g of titanium
isopropoxide was dissolved in 150 ml of distilled water and
brought to a pH of 7. The solution was sprayed ‘‘laminar regime”
into liquid nitrogen in order to generate droplets rich in water
(�90%). These droplets were then sublimated in a lyophiliser
chamber to yield a very porous precursor. The precursor was then
thermally decomposed at 450 �C in air for about 1 h to form TiO2

nanoparticles.
For the study of the particle size and strain evolution of TiO2, a

set of samples of nanoparticles with discrete sizes was required.
Samples Ti-iso-2-450, Ti-iso-550, Ti-iso-2-650, Ti-iso-2-700 and
Ti-iso-900 were prepared by starting heating the amorphous tita-
nia in air for 1 h at 350 �C, 400�, 450 �C, 550 �C, 650 �C and 700
�C respectively.

The X-ray diffraction patterns of the film were measured at
room temperature using the Panalytical XPERT PRO PW3050/50
diffractometer with CuKa radiation (45 kV, 400 mA, k =
0.1540598 nm and 5� � 2h � 90�). And the spectra were analysed
with reference to Refs. [21–32]. The Auriga ZEISS Scanning electron
microscope (SEM) was employed to study the morphology of the
film and to estimate the thickness of oxide layers that are present.
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Raman spectroscopy was carried out using a Jobin–Yvon
T64000 Raman spectrograph with a 514.5 nm line from an argon
ion laser. The power of the laser at the sample at the post-
annealed samples was small enough (0.384 mW) in order to min-
imise localised heating of the sample. The T64000 was operated
in single spectrograph mode, with the 1800 lines/mm grating
and three objective lenses on the microscope with the following
magnifications: 20�, 50� and 100�. Strain values for each samples
were obtained by employing Eq. (6).

The samples were further characterized using high resolution
TEM (HRTEM, JOEL-JEM 2100).
Results and discussion

Transmission electron microscopy (TEM) revealed 10–20 nm
rounded and also faceted anatase nano-crystallites, Fig. 1. TEM
studies of the sample Ti-iso-700 indicated an oriented-
aggregation crystal growth pathways (Fig. 1).

Along this pathway, whereby small crystals grow differently
from larger crystals, the small crystals aggregate in such a way that
the adjacent surfaces share the same crystallographic orientation.
In the process, the pair of adjacent interfaces are eliminated and
the pair of nanoparticles are converted to a larger single-crystal.
Due to this aggregation, the final particle size may reach large par-
ticle size up to 80 nm. Energy dispersive X-ray (EDS) measure-
ments (not shown) conducted on these nanoparticles confirmed
the TiO2 stoichiometric composition of lyophilized anatase (sample
Ti-iso-2-700) or comparison, a TEM micrograph of Degussa P25 is
given in Fig. 1(b). Both spherical and faceted considerably larger
particles, typically varying in size from 50 to 250 nm, have been
seen compared to the sample made by the lyophilization
technique.

The X-ray diffraction analysis was completed on the lyophilized
samples Ti-iso-2 nanopowders, using the diffractometer with a Cu-
Ka target (wavelength k = 0.15409 nm). The experiment was ran
from angle of 10� to angle of 70�, at 0.0333� step.

Fig. 2(a) summarizes the results from XRD analysis of the five
annealed samples – 350, 450, 550, 650 and 700 �C. It can be
observed that the (101) direction is the most preferred orientation
and this direction is enhanced as the annealing temperature is
raised. There are more crystallite planes which are maintained
regardless of annealing temperature which indicates the polycrys-
tallinity of the samples as well as the fact that there more than one
phase in the materials.

Raman spectra of the same samples given in Fig. 2(b) reveal the
preferred phonon of 150 cm-1 which is an indication of anatase
Fig. 1. (a) Lyophilized TiO2 nanoparticles and anneal
phase. The phonon frequency (wavenumber) position is however
observed to change and shift to lower wavenumbers as demon-
strated by a dotted line in Fig. 2(b) showing that the annealing
causes a strain in the crystallites. Since redshift is confirmed sug-
gests that the strain is tensile in accordance with Eq. (5) in the pre-
vious sections.

Particle size and strain calculation

The average crystallite size was estimated using Scherer size
and compared to the one found using Williamson-Hall method,
and the strain was only estimated from the W-H method (plotting
btotcosh against sinh) as well as the Raman strain values obtained
from Fig. 2 (b) via Eq. (6). For some of the samples, by plotting btot-
cosh against sinh, we obtain a linear profile. Observing dots spread
across the linear plot of Bscosh versus sinh, the distribution is typ-
ical detail displayed by substance that accounts for elastic defor-
mation due to thermal stress, thus an average linear profile
traced through the entire range requires a characteristic data vali-
dation. For some plots that are non-linear, one often ascribes this
to multiple phases in the sample. However, the reader will see that
this calls for a revision of the W-H plot to take into account these
non-linearities as will be discussed in the upcoming sections.

The analysis of the XRD diffractograms by the Williamson-Hall
(W-H) plot (Ccosh = Kk/D + 4esinh) [29] and the Debye-Scherrer
(D-S) equation ((Ccosh = Kk/D) [30–46] have been achieved exten-
sively before. Here, C is the full-width-at-half-maximum (FWHM)
of the ith peak, h is the angle at which the ith peak is found in radi-
ans, K is a constant for a given instrument alignment which usually
about 0.9, k is the wavelength of the X-rays employed which for
this case the X-ray are from Cu Ka at 1.54 Å, DS is the Scherrer crys-
tallite size and e is the strain.

Fig. 3 summarizes the analyses for crystallite sizes and strain
calculations from XRD and Raman spectra of the five annealed
samples. In Fig. 3(a) are summarized the phonon frequency shift
of the 150 cm-1, crystallite size by Scherrer and W-H methods
and strains from W-H method and Raman spectra. The phonon
red-shift is evidence of tensile stress. The plot demonstrates a
slight increase in the phonon wavenumber after 550 �C before it
continues to decrease after 600 �C. Blue shifts at an annealing tem-
perature of 550 �C suggest a change of phase which is a non-
reversible transformation from anatase to brookite [30,32,33].

The phase changes signalled by phonon position and broaden-
ings are more evident in the amplified Fig. 3(b) where these
transition temperatures can be 570 �C when phonon peak positions
are used but one can identify three phases with transition
temperatures 450 [from anatase to brookite] and 650 �C [from
ed at 700 �C (b) Degussa P25 TiO2 nanoparticles.



Fig. 2. (a) XRD diffractograms and (b) Raman spectra of the all lyophilized TiO2 annealed at 350, 450, 550, 650 and 700 �C.

Fig. 3. (a) Williamson-Hall crystallite size (b) W-H strain/broadening versus annealing temperature with broadening-temperature plot revealing a transition temperature of
570 �C (c) Williamson-Hall crystallite size vs Scherrer crystallite size showing that Williamson-Hall plot underestimates crystallite size by 50% (d) Williamson-Hall strain vs
Raman strain underestimates strain depending on whether it composite of all phases, or phase 1 only or phase 2 only by 170%, 31% and 25% respectively.
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brookite to rutile] when strains calculated from W-H method as
well as Raman spectra as shown by the dotted lines in Fig. 3(b).
One also notes that again the strain values obtained from the
W-Hmethod are consistently less than those obtained from Raman
spectral method.

The crystallite size by both methods increases with annealing
temperature. However, the W-H method yields crystallite sizes
consistently smaller than those obtained from the Scherrer
method.

The observation that the traditional W-H method under-
estimates both the crystallite size and the strain value forced us
to investigate the magnitude of these under-estimations. In Fig. 3
(c) we show a plot of Scherrer size, DS, against the W-H size,
DW-H, which gives DS ¼ ð1:71� 0:42ÞDW�H � ð1:31� 2:21Þ when
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intercept is considered. However, when the intercept is not consid-
ered then DS ¼ ð1:46� 0:23ÞDW¼H .

In Fig. 4(a) the Williamson-Hall plot shows that the TiO2 sample
annealed at 350 �C reveals non-linearity. This demonstrates that at
such low temperatures, the TiO2 has more than one phase in it as
both positive and negative strains apparent from the plot which
suggests non-homogeneity in the particles size as many intercepts
on the y-axis are possible. At 450 �C the evidence of two distinct
linear graphs emerge with two different strains. The two lines tend
to point to one y-intercept which means homogeneity in particle.
At 550 and 650 �C, the plot shows that the samples return to the
350 �C situation, only that there are two phases – one with positive
strain and the other bearing a negative strain – are now more dis-
tinct. At 700 �C the two phases continue to exist conserving the
crystallite sizes albeit with different strains.

As seen in Fig. 4(b) the modified W-H- method (plotting
btot
2 cos2h against sinh) was employed in the calculation of both

new strain values and new particles sizes for the five samples
annealed at different temperatures. This is accomplished by fitting
the presently derived Eq. (14) or its shorthand in Eq. (15) and
extracting the coefficients, a, b, c, and d in the cubic polynomial.
Eqs. (15)–(17) are then employed in the calculation of the new
strain, e0, the Williamson-Hall-to-Scherrer particles size parameter,
aW-H-S, the threshold particle size (DW-H)0 and hence the new
Fig. 4. (a) A Williamson-Hall plot of btotcosh against Csinh (where C = 4) calculated from
particles size D0
W-H. Table 1 summarized all data discussed in

this paper for the samples annealed at 350, 450, 550, 650, and
700 �C. One observes from the table, as also given in Fig. 3(a)
that the W-H method gives the least particles sizes (from 1 nm
to about 3 nm). This is followed by the Scherrer method which
also slight underestimates the particle size and does not
take into account any agglomerations. Although the new
btot
2 cos2h - sinh method yields very small strains when compared

to the more trusted Raman spectroscopy method, new method’s
threshold particles is much more closer to the particle sizes
found from high resolution TEM than both the Williamson-Hall
and the Scherrer sizes When the Scherrer factor is added to
this threshold value, the new method then also accounts for
agglomerates.

Further to the (btotcosh)2-sinh method discussed so far, it was
important, in this study, to try the linear version of Eq. (14) i.e.
the btotcos2h-sinh plot as suggested in Eq. (16). When a plot of
btotcos2h was made against sinh, shown Fig. 4(c), and linear equa-
tions fitted to the data, the slopes and intercepts from this plot
helped calculate the strains and crystallite sizes for the samples
respectively. The data from such a fit are summarized in Table 2.
The strains are in the order of 10-3 which one order of magnitude
higher that in the cubic model or the (btotcosh)2-sinh method. The
crystallite sizes are much higher than both the Scherrer and
XRD spectra for lyophilized TiO2 samples annealed at 350, 450, 550, 650 and 700 �C.



Table 1
Summary of all data calculated from XRD data by Scherrer method (particle size DS), the Williamson-Hall method (the particle size DW-H and strain eW-H) the modified
Williamson-Hall (the new threshold particles size (DW-H)0 and the new particles size D0

W-H) and Raman spectroscopy analysis for strain eRaman.

Annealing T (�C) DS (nm) DW-H (nm) eW-H eRaman a e0 b d R2 (DWH)0 D0

350 4.62 ± 1.06 2.2944 0.0493 0.153323 4.17E�04 2.09E�04 0.0075 0.00667 �0.66265 71.10752 80.85572
450 7.32 ± 5.14 2.5124 0.5907 1.837077 0.00126 6.30E�04 �0.00755 �0.02073 0.82836 43.0059 27.5607
550 5.25 ± 0.78 0.4479 0.41 1.2751 �0.00139 �6.95E�04 0.01375 0.01111 �0.51696 39.90935 50.98685
650 9.37 ± 1.28 2.6445 0.1914 0.595254 �5.68E�04 �2.84E�04 0.0067 0.00236 0.03677 97.77284 117.5435

Table 2
Summary of parameters extracted from the linearized demonstrating that a plot of btotcos2h-sinh method yields the new strain which are increased by a significant factor – about
one order of magnitude higher than both the W-H and H-W method and the present btot2 cos2h-sinh method. This comes close to the desired accuracy as in the strains obtained by
Raman spectroscopy. This also forced the crystallite size to approach the values obtained by HRTEM imaging.

Anneal T (�C) DS Intercept Slope Mean grain size from TEM (nm) e D0 (nm) D0 (nm)

350 4.62 34.22 ± 7.56 � 10�3 �(28.43 ± 1.72) � 10�2 15 �0.00711 4.5 14.2
450 7.32 32.1 ± 3.83 � 10�3 �(24.61 ± 0.72) � 10�2 20 �0.00615 4.8 20.2
550 5.25 24.77 ± 6.82 � 10�3 �(1.757 ± 1.09) � 10�3 25 �0.00439 6.2 17.3
650 9.37 23.22 ± 6.84 � 10�3 �(1.588 ± 1.08) � 10�3 28 �0.00397 6.6 26.4
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Williamson-Hall sizes and are in perfect agreement the HRTEM
measured crystallite sizes.

Conclusion

We have introduced a revision of the Williamson-Hall equation.
This was necessitated by the gross underestimation of the crystal-
lite sizes worse than the Scherrer formula. When compared to TEM
crystallite sizes, we found that Scherrer sizes are also slightly less,
withn experimental error, than the TEM sizes. The revision was
accomplished through the expansion of the W-H equation into a
full polynomial equation which after further binomial expansion
via some trigonometric identities reduced to a cubic polynomial.
The main task in this theory is to transform the btot-h data into a
plot of btot

2 cos2h against sinh rather than the traditional btotcosh
against sinh plot and fit Eq. (14) to this plot and extract coefficients
a, b, c, and d. Coefficient a is use to find the strain in the sample and
coefficients b and d contain information on particle size. Although
the our btot2 cos2h-sinh method yields strain values are surprisingly
very small when compared to the more trusted Raman spec-
troscopy method, new method’s threshold particles is much more
closer to the particle sizes found from high resolution TEM than
both theWilliamson-Hall and the Scherrer sizes When the Scherrer
factor is added to this threshold value, the new method then also
accounts for agglomerates as the particles size in the current
results set range in hundreds of nanometers. It has been shown
that when the current model is linearized – btotcos2h-sinh
method- the new strain is increased by a significant factor – about
one order of magnitude higher than the btot

2 cos2h-sinh method and
coming close to the desired accuracy as in the strains obtained by
Raman spectroscopy. This also forced the crystallite size to
approach the values obtained by TEM imaging.
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